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Abstract 

In this paper, we study harmonic analysis on finite homogeneous spaces whose 
associated permutation representation decomposes with multiphcity. After a careful 
look at Frobenius reciprocity and transitivity of induction, and the introduction of 
three types of spherical functions, we develop a theory of Gelfand Tsetlin bases for 
permutation representations. Then we study several concrete examples on the sym- 
metric groups, generalizing the Gelfand pair of the Johnson scheme; we also consider 
statistical and probabilistic applications. After that, we consider the composition 
of two permutation representations, giving a non commutative generalization of the 
Gelfand pair associated to the ultrametric space; actually, we study the more general 
notion of crested product. Finally, we consider the exponentiation action, gener- 
alizing the decomposition of the Gelfand pair of the Hamming scheme; actually, 
we study a more general construction that we call wreath product of permutation 
representations, suggested by the study of finite lamplighter random walks. We 
give several examples of concrete decompositions of permutation representations 
and several explicit 'rules' of decomposition. 
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1 Introduction 

Let G be a finite group acting transitively on a finite set X and let K be the stabilizer 
of a point xq G X, so that X = G/K. If T is a G-invariant operator on L{X) then its 
eigenspaces are representations of the group G and therefore one could expect that the 
representation theory of G could be used to determine the spectral decomposition of the 
operator T. The case of a finite Gelfand pair, that is when L{X) decomposes without 
multiplicity, has been extensively studied; [11] is a forthcoming monograph which treats 
this case, both the theoretical aspects and the applications (another important book that 
covers this subject is A. Terras' book[4?]). The present paper is devoted to the study of 
general spaces that decomposes with multiplicity. 

If the invariant operator T does not belong to the center of HomG(L(X), L{X)), then it 
has a nontrivial action on some isotypic component and therefore, in order to diagonalize 
the operator, it is necessary to find an explicit orthogonal decomposition of that isotypic 
component. Although there is not a canonical way to derive such a decomposition, in 
several cases one can find a natural one. In this paper, by Harmonic Analysis we mean 
the search of such orthogonal decompositions, in an explicit form suitable for the spectral 
study of invariant operators. The main application is to the study of invariant random 
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walks along the lines of P. Diaconis work [T3j. Another application is to the spectral 
analysis of statistical data, again originated from Diaconis work. 

Now we give two examples. Let X be a finite G-homogeneous graph and put in each 
vertex a lamp, which may be on or off. A lamplighter performs the simple random walk 
on X and when he moves from a vertex a; to a vertex y he change randomly the state the 
lamps in x and y, that is both the lamps may be turned on or off with equal probability. 
This is an example of a random walk on a finite homogeneous space that decomposes 
with multiplicity. Its analysis is in [H]; in the last part of the present paper, we develop a 
general harmonic analysis on wreath products that has the representation theoretic results 
in [41j as a particular case. In the second example, consider a model made up of 3 urns 
and 3m numbered balls. Put in the first urn the balls numbered 1, 2, . . . , m, in the second 
urn the balls m + 1, m + 2, . . . , 2m and in the third urn the balls 2m + 1, 2m + 2, . . . , 3m. 
At each time, choose at random two balls that belongs to different urns and switch them. 
This is a Markov chain in a space with multiplicity, but its Markov operator belongs 
to the center of the commuting algebra [36j. Now consider the following variation: we 
can only switch balls between urns 1 and 3 and between urns 2 and 3. The resulting 
Markov operator is not in the center of the commutant algebra and its spectral analysis 
requires an exphcit orthogonal decomposition of each isotypic component; the details are 
in subsection 13.41 of the present paper. 

The paper is divided into four sections. In the first section, we develop some general 
theory. It is known that the multiplicity of an irreducible representation in L{X) is equal 
to the dimension of the /^-invariant vectors. This is Frobenius reciprocity. We examine 
it from two different sides, and derive some general rules to decompose a permutation 
representation; in particular, we introduce three kinds of spherical functions. We also 
show that the transitivity of induction play a fundamental role in the search of "general 
principles" that could be used to find interesting intermediate decompositions. This part 
of the paper culminates with a subsection devoted to the theory of Gelfand-Tsetlin bases. 
If there is a chain of subgroups G > Hi > H2 > ■ ■ ■ Hm = K satisfying the Gelfand- 
Tsetlin condition (see Definition 12. 24p . then there is (modulo scalars) a unique choice for 
the basis of the i^-invariant vectors (adapted to such a chain of subgroups): this basis leads 
to a "natural" orthogonal decomposition of the isotypic component. Recent fundamental 
papers on Gelfand-Tsetlin bases for the group algebra of the symmetric group are jSSl [M] . 

In the other parts of the paper we treat some specific spaces. There are three basics 
examples of finite Gelfand pairs: the Johnson scheme, the finite ultrametric space and the 
Hamming scheme; a general reference on these pairs is [TT] (other useful references are 
O El [m [IS, EDI US])- We give examples that generahzes these pairs and have multiplicities. 

As a noncommutative analog of the Johnson scheme, in the second part of the paper we 
study a family of Gelfand-Tsetlin bases on the symmetric group. In particular, we deter- 
mine an explicit basis for the representation S"""^'^ in the permutation module M'^^'^^' ' '^'^ 
(Theorem 13.11) . Then we give two different decompositions of the isotypic component 
2^n-i,i q£ ^]-^jg ^g^y illustrate the general theory developed in the previous 

section. Moreover, as concrete application, we give an analysis of the results of an elec- 
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tion for president and director of an association. Since the outcome of the election is 
an element of M^'i'^ = © 23''-^'^ © S'""^'^ © Diaconis [HI E] computed 

and interpreted the projections onto the isotypic components . We refine its analysis 
giving two different orthogonal decompositions of isotypic component 25''^"^'^ (adapted 
to 2 different Gelfand-Tsetlin bases) and interpreting the corresponding projections. We 
determine also a Gelfand-Tsetlin decompositions for all irreducible representations that 
appear in the permutation module corresponding to a three parts partition, i.e. M"-'^''^ 
(Theorem I3.12p . This is obtained by the spectral decomposition of some laplacians and 
is connected with the results in [191 139] . 

In the multiplicity free setting, a generalization of the ultrametric space is given by the 
composition of Gelfand pairs. It has been studied in [10] ; see also [5l |22] . Recently, R. 
Bailey and P.J. Cameron [2lll] have developed a theory of crested products that generalizes 
both the direct product and the composition of two permutation representations (actually, 
they work both on groups and on association schemes). They treat the case of a symmetric 
association scheme, that generalizes the case of a symmetric Gelfand pair. In the third 
part of the paper, we extend the Bailey-Cameron theory to the case of crested product 
of arbitrary (i.e. with multiplicity) permutation representations. Now we have to deal 
with a noncommutative algebra of bi-ii'-invariant functions, and we extend in this setting 
the notion of ideal partition from [21 H]. Then we give explicit decomposition rules for 
the composition action of a crested product and also ex! plicit formulas for the spherical 
functions. We also gives a series of examples that illustrate the theory. 

The last part of the paper is devoted to the analysis of the exponentiation action. 
This may be considered a generalization of the usual Hamming scheme; see [TOl 130] . 
Actually, we treat a more general case: we give the decomposition rules for a more general 
notion, that we call wreath product of permutation representations; it has as a particular 
case both the exponentiation action and the left regular action of a wreath product on 
itself. This generalization is suggested by our recent work on the harmonic analysis of 
finite lamplighter random walks; [41j. As basic references on wreath products and their 
representations, we refer to [25| 123]. 

The present paper may be considered as a companion of [IQ]. In that paper, in order to 
give partial solution of an open problem in [7|, we studied finite Markov chains invariant 
with respect a nontransitive permutation group G. We made the hypothesis that each 
orbit was a space without multiplicity (a Gelfand pair), but multiplicities were originated 
by considering the same representation in different orbits. Now we have only one orbit 
but with multiplicity. It remains to study the general nontransitive group with 

multiplicity allowed on each orbit. This would lead to a complete solution of the open 
problem in [7]; we plan to devote a future paper on this case. 

The present paper may be also considered as a sequel of [lU] (a joint paper with T. 
Ceccherini-Silberstein) where, among other things, we studied the composition and the 
exponentiation of Gelfand pairs. Now we are considering more general constructions 
(crested and wreath products) for arbitrary (i.e. with multiplicity) spaces. 
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Notation If X is a finite set, we denote by L{X) the vector space of all complex 
valued functions defined on X. The space L{X) will be endowed with the scalar product 
(/i,/2)l(x) = J2 fi{x)f2{x), /i,/2 e L{X). If X G X, 4 is the Dirac function centered 

at x; if A C X, Ix is the characteristic function of A. Suppose that Y is another 
finite set. We will use the natural isomorphism L(X x F) = L{X) ® L{Y), where for 
h e L(X),/2 e L(F), (/i ® /2)(a;,|/) = /i(x)/2(y), for all {x,y) G X x F. We denote by 
the set of all functions ip : X Y . A partition P of X will be denoted by writing 
X = ]J y4, that is the simbol ]J denotes a disjoint union. If G is a group, Iq denotes 

the identity of G. If (p, V) is a representation of G and 

F = 0m,M/„ (1.1) 

where Wi,i G X, are irreducible, pairwise inequivalent representation of G and is the 
multiplicity of Wi in V^, then we will say that (11. II) is the isotypic decomposition of V , and 
that rriiWi are the isotypic components. If f/ is a vector space and Ui,U2, ■ ■ ■ , Um G U, then 
{ui,U2, . . . , Mm) is the subspace generated by Ui, U2, ■ ■ ■ , Um- If U, V are unitary spaces, 
then Hom([/, V^) (the space of all linear operators from U to V) will be endowed with the 
Hilbert-Schmidt scalar product: if T, 5* G Hom([/, V) and Ui,U2, ■ ■ ■ ,Un is an orthonormal 

n 

basis in U, then (S',T)hs = I] {Suk,Tuk)u- 

k=l 

2 General theory 

As general references on representation theory of finite groups, we refer to [3T| HHl HU |16] . 
All the representations we consider are unitary. 

2.1 Frobenius reciprocity for a permutation representation 

Definition 2.1. Let G be a finite group and (p, V) a representation of G. The commutant 
ofV is the algebra HomciV, V) of all linear operators intertwining V with itself. 

Theorem 2.2. Suppose that V = ^p^jrripWp is the isotypic decomposition ofV. Then 

HorriGiy, V^) = Mm„m,(C) (2.2) 
pel 

as algebras. In particular, dim Homciy^V) = J2pei''^'p- 

Proof. (Sketch) Suppose that nipWp = Wp © Wp © ■ ■ ■ © Wp'' is an orthogonal decompo- 
sition of the isotypic component rripWp for any p E I. Then, using Schur's lemma, one 
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can choose a basis {Tfj : p E I,i,j = 1,2, ... ,dp} of HomG{y,V) with the following 
properties 

. KerT;^. = (PF^^ 
. RanT^^. = W; 

^ T-ip rpp _ rpp 

i,j j,k i,k- 

Therefore any T G HomG(y, y), can be written uniquely as T = J2pei'^i!j=i^tj'^i',j^ 
and the map 

T I > ©p6/(of j)ij=l,...,mp 

yield the isomorphism (12. 2p . 

□ 

Corollary 2.3. A basis for the center of HomdV, V) is given by the orthogonal projections 
onto the isotypic components. In particular, an operator T is in the center of HomiV, V) 
if and only if every isotypic component nipWp is an eigenspace for T. 

Suppose that G acts transitively on X, that K is the stabilizer of a fixed point Xq € X 
and denote by {X,L{X)) the corresponding permutation representation. 

Definition 2.4. IfV is any G— representation, we denote byV^ the subspace of K— invariant 
vectors in V . 

Suppose now that (p, V) is irreducible and that is non-trivial. Set dp = dim V. 
For any v G define the linear map : V ^ L{X) by setting 



{T^w){gxo) = \l^^{w,p{g)v)v, (2.3) 

for any w E V and g & G. Clearly, T^w G L{X) is well defined because v is i^'-invariant. 
Moreover, G HomgCK, L(X)): it is easy to see that T^p{w) = X{g)TyW. 

Proposition 2.5. With the notation above, one has: 

{TuW,Tyz)L{x) = {w,z)v{v,u)v, (2.4) 
for all v,u G and w,z E V . In particular 

1. if \\v\\v = 1 then is an isometric immersion ofV into L{X); 



6 



2. zIm(T„) is orthogonal to \m{T^ if and only if u is orthogonal to v. 
Proof. Fix u, f G and define a linear map R : V —>■ V hj setting: 

Rw = ^{w, p{g)u)vp{g)v (2.5) 



g&G 



for all w &V . It is clear that R G HomG'(V) and since V is irreducible, R = aly with 
a e C and Jy the identity map. But Tr(i?) = |X|(f,-u)y, as it can be easily checked from 
fl^ . Then adp = \X\{v,u) and R = ^-^{v,u)vlv- 

Therefore, if w,z & V, we have 

{TuW,T^z)l(x) = TY\^('^^ P(9)u)v{z, pig)v)v ■ 

= j^^{Rw,z)v 
= {w,z)v{v,u)v 
Then ([1]) and ([2]) immediately follows from (12. 4p . 

□ 

Theorem 2.6 (Frobenius reciprocity for permutation representations). The map 

tK 



V — > YiomG{V,L{X)) 



is an antilinear, isometric isomorphism between the vector spaces and HomG(V", L{X)). 
In particular, the multiplicity of V in L{X) is equal to dim , the dimension of the 
suhspace of K -invariant vectors in V. 

Proof. If a, /3 G C, M, f G , then clearly T^u+pv = + (^T^, that is the map f t— > 
is antilinear. Now we show that this map is a bijection. If T G IIomG'(V, L(X)), then 
V 3 w ^ {Tw){xq) G C is a linear map and therefore there exists v E V such that 
{Tw){xq) = {w, v)v, for all w E V. It follows that for all w G and g E G 



[Tw]{gxo) = [\{g )Tw]{xo) 
(because T G HomG(V, L{X))) = [T p{g-^)w]{xo) 

= {w,p{g)v)v 
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This shows that T = y J^T„. Moreover, taking g = k & K in (12.61) we get that v G . 

It is also clear that for T G HomG'(V, L{X)) such a vector f G V"''^ is uniquely determined. 

It remains to show that the map is isometric: ii Wi,W2, ■ ■ ■ , Wdp is an orthonormal basis 
in V, then by ([23D 

dp 

{Tu,T^)hs = y^^TuWj,T^Wj)v = dp{v,w)v 

□ 

Corollary 2.7. The vectors Vi,V2, ■ ■ ■ ,Vm form an orthogonal basis for if and only if 

is an orthogonal decomposition of the V -isotypic component of L{X). 

Orthogonality relations may be proved also for the general form of Frobenius reciprocity; 
see 



2.2 Spherical functions 

We present now the description of the commutant of the permutation representations in 
terms of bi-ZT-invariant functions. For / G L{X) denote by / the function in L{G) defined 
by setting 

Kg) = figxo) (2.7) 

The map / ^ / is a linear isomorphism between the vector spaces L{X) and L[G/K) 
(and between the vector space of fT-invariant functions on X and L{K\G/K)). 

Theorem 2.8. The commutant HomG{L{X), L{X)) is isomorphic to the algebra of bi- 
K -invariant functions L{K\G/K) : {/ G L{G) : f{kigk2) = f{g), VA;i,A;2 e K, g e G}. 

Proof, (sketch) Suppose that T G HomG(L(X), L{X)) and that [Tf]{x) = J2yex ^i^^ y)f{y)- 
In virtue of the G-invariance of T, we have r{gx,gy) = r{x,y) for all g & G. Set 
ip^x) = r{x,Xo) and for G L{G) define ^{g) = C,{g^^). Then it is easy to show that 
T [ip) is the desired isomorphism. □ 



Remark 2.9. Form the proof of Theorem 12. 8[ one can also get the following formula 

T/=^7*^. (2i 
We will say that ip is the representing kernel of T. 
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Suppose again that L{X) = 0pg7 ?^pV^- We can summarize Theorems 12.21 and 12.81 by 
writing 

RomG{L{X),L{X)) = L{{K\G/K) - 0M^^,^^(C). (2.9) 

pel 

In the remaining part of this section, we construct an explicit isomorphism between 
L{K\G / K) and 0^^^ Mmp,mp{C) . We also introduce two other kinds of algebras that are 
worthwhile to study, with the relative spherical functions. 



For any irreducible representation p E I, select an orthonormal basis {f f , f 2, . . . , } 
in . 

Definition 2.10. 1. For p E I, the matrix coefficients 

<Pl,i9) = {v^,pi9)v^)vp (2.10) 
with i, j = 1,2, . . . , rUp, are the spherical matrix coefficients of (p, Vp). 

2. For p E I, the coefficients 0f j, i = 1,2, . . . , nip, are the spherical functions of (p, Vp). 

3. For p E I, = Yl^i spherical character of (p, Vp). 

The spherical matrix coefficients form an orthonormal basis for L{K\G / K) (note that 
from fl2.9p it follows that dim L{K\G / K) = Xlpe/'^p)- Using the orthogonality relation 
for matrix coefficients we can immediately write the Fourier transform relative to the 
matrix coefficients (12.101) : for F G L{K\G / K) , p E I and i, j = 1,2, . . . ,mp 

fijip) ~ {f^^i,j)L{G) spherical Fourier transform 

and 

fig) = Tq\^(^pY1 ^i,j(9)Ajip) Inversion formula. 

pel i,j=i 

From the orthogonality relations of matrix coefficients, one can easily prove the identity 

* '^^.fc = A,<.C (2-11) 

and this immediately yields the desired explicit isomorphism. 
Theorem 2.11. The map 

L{K\G/K) ^ e,,,M™„„^,(C) 
/ ^ ©pel (kj{p) 



i,j=l,2,...,m^ 



p 



is an isomorphism of algebras. 
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Proof. Foe all f,hE L{K\G / K) , p E I and i, j = 1, 2, . . . , mp, we have 

nip 

if * h)ijip) = J2 Mp") ■ ^k,jip) 

k=l 

as it easily follows from the inversion formula and (12. lip . □ 

We can define another algebra, namely A = span {(f>'^- : p E I, i = 1,2, ... ,mp}. 
Clearly, it depends on the choice of the bases {f V2, . . . , vf^^}, p E I. 

Proposition 2.12. 1. A is a maximal Abelian subalgebra of L{K\G / K) . 

2. The operator : L{X) L{X) defined by 

(i^f/)to)= |^(7,A(^?)0,(G), (2.12) 

/ G L{X), g E G (f is as in (2^), is the projection from L{X) onto T^pVp, 
p E I, i = 1,2, . . . , nip (T^pVp as in Proposition \2.5\) . 

Proof. ([1]) The diagonal matrices form a maximal Abelian subalgebra in the full matrix 
algebra M„^„(C). 

(j2]) Extend each basis of to an orthonormal basis {f f , f 2, • • • , v^^} of Vp, for all p E I. 

Any function / E T^^V^ is the T^^.— image of a vector J2'j=i ^j'^J ^ ^ then is of the 
form 

f{hxo) = \ -r^^aj(f)lk{h). 



Therefore 



' ' heG 



dn I d. * 



Id v IX, 

d '^'^ 

^aj5^^p5k,i(t)li{g) 

f{gxo) if p = a and i = k 
otherwise. 




□ 
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Remark 2.13. Suppose that T : L{X) L{X) is normal and G-invariant. Then 
each eigenspace of T is G-invariant, and therefore may be decomposed into mutually 
orthogonal, irreducible subspaces. This way one can get an orthogonal decomposition 
L{X) = ©pg7 7't,''V^ such that each T^pVp is an eigenspace of T. From another 

point of view, suppose that ip is the representing kernel of T. Set ip^{g) = ip{g~^). Then 
T is normal if and only ii ip * ip'^ = * ip. The last identity is equivalent to say that 
the spherical Fourier transform of ip is normal, for any p & I. If this is the case, one can 
diagonalize the spherical Fourier transform of ^/^ by a choice of a suitable orthonormal 
basis of i^'-invariant vectors in each irreducible representation. Also this way one gets 
again a diagonalization of T. 

The last algebra that we introduce is = span {xf : p E I}. 
Proposition 2.14. 1. B is the center of L(K\G / K) . 

2. The linear operator : L{X) —>■ L{X) defined by 

f G L{X), g E G (f is as in ^2. 7\ )), is the projection from L{X) onto the isotypic 
component rripVp, p E I . 

3. Ifxp is the character of p, then Xpig) = jk\ EfcexXp(%)- 

Proof. The first two points follow immediately from the previous proposition and Remark 
12.31 For the third point, observe that j^\J2keKP(^) orthogonal projection of Vp 

onto the space of /T-invariant vectors. □ 

Corollary 2.15. Suppose that the multiplicity ofVp in L{X) is equal to dp. Then xf = Xp 
and 

' ' gee 

with f eL{X). 
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Proof. II is clear that xf = Xp- Therefore 



E'figxo) 



as xp is central 



dp 



heG 



^f{hxo)Xp{hg ^) 



heG 



t-' = hg-' = -^J2f^^''9Xo)Xpit-') 
1^1 teG 

^Y.^{t)f{gx,)xp{t). 

' teG 



□ 



The computational aspects of Corollary 12. 151 were explored in |15j . 
Remark 2.16. In the following, often we will write gf instead of \{g)f ■ 



2.3 The other side of Frobenius reciprocity 

Usually, Frobenius reciprocity is stated as an explicit isomorphism Hom^ (Res^V, f/) = 
Home (l^,Ind|?7), where K < G, V is a G-representation and U is a. K representa- 
tion. In Theorem 12.61 we have examined the special case in which U is the trivial rep- 
resentation. But Frobenius reciprocity may be also stated as an explicit isomorphism 
Homic ([/, Res|\/) ^ Home (lnd|f/, l^) ; see [8], Corollary 34.1. This formulation of 
Frobenius reciprocity is particular useful when the irreducible representations of G may 
be obtained as induced representations; this is the case of a wreath product (see section 
15. ip . We examine this side of Frobenius reciprocity in the particular case in which is a 
permutation representation. 

Let G be again a finite group acting transitively on X and suppose that if is a subgroup 
of G. Let (p, W) be an ii-representation. Set r = Ind^p and denote by A the permutation 
representation of G on X. Let be a set of representatives for the right cosets of H in G, 

that is G = ]J sH; we suppose that Iq G S. We recall that Ind^V^ has two equivalent 

ses 

descriptions [311 HSl HU HBj (we will use both of them). In the first description it is formed 
by all vectors ^ T{s)wa such that Ws &W for every s E S. In the second description, it 



ses 



is formed by all functions F : G 
heH. 



W such that: F{gh) = p{h''^)F{g), for aW g e G and 



Proposition 2.17 (Frobenius reciprocity II). For L G Hom//(VF, Resj:^L(X)), define L 
by setting 
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r[s w. 



ses 



J V PI ses 



for every ^ t{s)ws G Ind^VT and x ^ X. Then Homcilndj^W, L{X)) and the map 
ses 



}iomH{W,Res%L{X)) — > Romailnd^W, L{X)) 



L I — >L 



is an isometric isomorphism. 



Proof. Clearly, L verifies the identity Lp{h)w = {Lw){h~^x), for al\x&X,hEH,w&V. 
Take any Xlte? ''"(^)^^''* ^ Ind^W^ and fix g E G. For every t eT, let St E S and ht E H 
be the unique elements such that gt = Sfht. Then we have: 



LTig)Y,r{t) 



Wt 



tes 



[X 



o \ — \ 



tes 



(x) 



tes 



^=J2{Lwt){h;\'x) 



tes 



^=.J2(Lw,){t-'g-'x) 
•^1 tes 



tes 



{x). 



This shows that LG HomG(Ind|V, L(X)). 

For L G HomG(Ind^H^, L(X)), define L in the following way. If w G W, set Wg = 
when s 7^ 1(5 and iwi^ = it; and then set Lw = t{s)ws. It is easy to check that 

L G Hom^f(Vt^, Res^L(X)). Moreover, L is just the restriction of L to the subspace 

r{lG)W in Ind^l^, and therefore L ^ t{s)ws — ^{s)Lws — ^ X{s)Lws for any 

ses seS seS 

choice of ^ t{s)ws G Ind^VT; from this fact it follows that the map L i— > \/JS\L is the 
seS 

o 

inverse of L i— >L. 

o o 

It is also easy to check that {Li, L2)hs — {Li, L2)hs- 

□ 
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2.4 Decomposition by transitivity of induction 

Now we show how transitivity of induction may be used to decompose L{X) in terms of 
induced representations. Suppose that K < H < G, set Y = G/H, Z = H/K and let 
xq & X , zo & Z he the points stabihzed by K and yo the point stabihzed by H. Let 
be a set of transversal oi G/H and T a set of transversal of H/K. Then 

G = WsH H = WtK G = WWstK. 

seS t€T s€SteT 

Clearly X = {stxo : s E S,t E T} and Y = {si/o : s G 5*}. 

Proposition 2.18. There exists a unique map n : X ^ Y with the following properties: 

• n is surjective; 

• 7i{xo) = yo 

• 71 is G-equivariant: n^gx) = gn^x) for all x E X and g E G. 

Proof. It is immediate to check that such a vr is given by: 7i{stxo) = syo. □ 
Let Vq the trivial representation of K. Then, the transitivity of induction 

L{X) = IndgKo = Ind|L(Z) (2.13) 

could be made explcit by saying that 

L{X) = ^L{7r-\y)), (2.14) 

where each 7r^^(y) is a copy of Z: we identify Z with 7r^^(yo) and if y = syo, then 

If L{Z) = ®p^i fnpWp is the decomposition of L{Z) in irreducible representations of H, 
then L{sZ) = 0^^/ '^p-sVFp, where for / G L{X), (s/)(x) = f{s~^x), for any x E X and 
we have 

lnd%Wp = ^sWp. (2.15) 

In (12.151) if syo = y then sWp is the subspace of L{7i^^{y)) built using the isomorphism 
between L{TT^^{y)) and L{Z) given by L{Z) 3 f ^ sf E L{TX~^{y)). In the following 
Proposition, we summarize these facts in an orthogonal form. 
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Proposition 2.19. For every p E I , let be an explicit orthogonal decomposition 

of the isotypic component nipWp (i.e. ^ wf ^ ■ ■ ■ ^ WjJ"'). Set W'p{TT~\y)) = sW'p 
if syo = y. Then we have the orthogonal decomposition 



pel j=i 



®Wl{n-\y)) 

.yeY 



(2.16) 



where 

0iy^(7r-i(y)) = Ind|iy^-. 

Remark 2.20. In Proposition 12. 191 we liave replaced L of Theorem 12. 171 witli the map L" 
given by 



if X G SqZ. Now the map is an inject ive homomorphism B.omH{W, L{Z)) — > 

HomG(Ind^l^, L(X)), which in general is not surjective (for instance, take W = the trivial 
representation of H). 

Denote by Ej : L{Z) — the projection operator and by {e^^z, z'))z,z'£Z the corre- 
sponding representing matrix, that is Ejf{z) = J2z'&z ^')f{^ )- Clearly, {ej{z, z'))z^z'€Z 
is if-invariant: ej{hz, hz') = ej{z, z') for all z,z' E Z and h E H. 

Therefore, the projection operator sEjS^^ : L{n^^{y)) Wpj{n^^{y)), where s E S and 
syo = y, is represented by the matrix {ej{s^^z, s^^z'))z,z'£Z- Indeed, if x G L{'K^^{y)), 
/ G L(7r-Hl/)), then 



(sE^s-'f) (a;) = 5^e;(.-ix,z')/(^^') 

z'ez 

= Yl e'j{s-'x,s~'x')f{x'). 
The projector operator onto lnd%Wpj is given by ^^^g sEjS~^ . 

Suppose now that Wp is contained in L{Z) with multiplicity dp = dim Wp. Then, by 
Corollary Els] 

E'f='^Y.^p{h)hf (2.17) 
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projects L{X) onto the isotypic component dpWp. Then the projection L(7r ^{y)) — > 
dpsWp is given by 

sE'^s-'f = ^Y.^P^^)-'^'~'f = m\ ^ Xp{s-Hs)-tf. (2.18) 

Example 2.21. We apply now the above theory to the particular case G = Sn, K = Sn-k 
and H = Sn-k x •S'^. We have 

X = Sn/Sn-k = {{H,i2, . . . ,ik) ■ ii,i2, ■ ■ ■ ,ik ^ {1,2, . ..n},ij 7^ k for j ^ /}, 
Y is the family of all /c-subsets of {1, 2, . . . , n} and 



Z = {Sn-k X Sk)/Sn-k = {{ii,i2, . . . ,ik) ■ ii,i2, ■ ■ ■ ,ik & {1,2, . . . k},ij 7^ ii for j 7^ /}. 

Alternatively, we may see X as the set of all injective functions C, '■ {1,2, —>■ 
{1, 2, . . . , n}: identify (zi, «2, • • • , 4) with ^ given by ^(j) = ij. This way, Z coincides with 
Sk and if A G F (A is a fc-subset) then 7r~^(A) is the set of all ^ : {1, 2, . . . , A;} ^ A. 

Using the standard terminology for the symmetric group [35], we write M""'^'^'' = 
L{Sn/Sn-k) and M^' = L{Z). We clearly have M"-'^'!' = Ind^;;_^^5^ [s^""^) x 

We have the natural action of Sn on X: if G Sn and (ii, ^2, • • • , "^ik) ^ ^ then 
9{ii,i2, ■ ■ ■ ,ik) = (^(^1), ^(^2), • • • , Giik))- If (^1, ^2, • ■ • , 4) is identified with a function 
this is equivalent to multiplication on the left: ^ y-^ 9^. On X there is also a natural action 
of S'fc, that we denote by r: if a G Sk then r{a){ii,i2, . . . ,ik) = (v-i(i), V-i(2), • • • , V-i(fc))- 
This is equivalent to a multiplication on the right: ^ 1— >■ For A h fc, denote by S"^ 

the corresponding irreducible representation of Sn and by x\ its character. By (12.171) . 
= YlaeSk Xx{<^)<^ is the projector of M^'' onto dxS^. 

Proposition 2.22. The orthogonal projection 



is given by 



{E^f){ii,i2, • • • ' ^fc) = TT XA(cr)/(v-i(i), V-i{2), • • • , V-i(fc))- (2.19) 

Proof. Let 6 be a set of representatives of the cosets of Sn/ Sn-k, that is Sn = Usee ^i^n-k x 
5fc). Then = 0^^^ where each ^E^-^ acts on L{eZ). Therefore, we may fix 
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6* G 6 and assume that / G L{6Z). If (21,^2, ■ ■ ■ ,ik) ^ and ^ is the corresponding 
function ^ : {1,2, . . . , k} — ^ {^(1), ^(2), . . . , 0{k)} then ^^^^^ G 5^, and by the conjugacy 
invariance of xa, fl2.18p becomes 



<765fe 

□ 

For instance, when k = 2 Proposition 12.221 yields the decomposition of M"~^'^'^ into 
symmetric (i.e., f{i,j) = f{j,i)) and antisymmetric (i.e., f{i,j) = —f{j,i)) functions. 
Compare with [28l [29] ; see also subsection 13.21 

We end this section by giving an explicit rule to decompose the induced representation 
in fl2.15p . It will be fundamental in the theory of Gelfand-Tsetlin bases. Assume all the 
notation in Proposition 12.181 Let [a, V) be an irreducible representation of G and W an 
if-invariant, irreducible subspace of V. That is, (p, W) is an irreducible representation 
in Res^V^ and p{h) is the restriction of a{h) to W, h G H. If G is ii"-invariant, 
then, by mean of (12. 3p . we can form two distinct intertwining operators: S^o '■ W L{Z) 
(if-invariant) and T^j, : V L{X) (G-invariant). By (12.150 . Ind'^SujoW is a well defined 
subspace of L{X). 

Lemma 2.23. The operator T^j^ intertwines V with the subspace Ind^SwoW . 

Proof. Denote by Pw : V W the orthogonal projection onto W. Suppose that x E X 
and X = sHzq, with s G S" and h E H. By (12. Sp . for any t> G V we have 



Y.xx{o)f{ea-'e-\t,,i2,...,iu)) = 
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{x = shzo) 



^Av,a{s)p{h)wo)v 



da_ 
XI 



a{s )v,p{h)wo)v 



Yii^wcris ^)v,p{h)wo)v 



Z\d. 



X\d 



Z\d. 



X\d, 



X), 



that is, TyjfjV G sSy^^W, and by (12.151) this shows that T^^w G Ind^S^jgW. 



□ 



2.5 Gelfand-Tsetlin bases 

Let G be a finite group, K < G a subgroup and X = G/K the corresponding homo- 
geneous space. Let L{X) = J2p(zG^p^p decomposition of L{X) into irreducible 
representations. The main result of this section is an explicit orthogonal decomposition 
of the isotypic component rripVp under a particular condition that we now describe. 

Definition 2.24 (Gelfand-Tsetlin condition). A chain of subgroups G = > H^-i > 
■ ■ ■ H2 > Hi = K from i^' to G satisfies the Gelfand-Tsetlin condition if for every irre- 
ducible ifj-representation V that contains nontrivial i^-invariant vectors (and therefore V 
is contained in L{Hj/K)), the decomposition of Indj:^^.'''^l^ into irreducible ifj+i— representations 



is multiplicity free, j = 1,2, 



, m 



1. 



Remark 2.25. From Frobenius reciprocity theorem, it follows that the above condition 
is equivalent to say that if W, V are irreducible representations of Hj^i and Hj respec- 
tively, and they both contain nontrivial i^-invariant vectors, then the multiplicity of V in 
Resi'+'W is < 1. 



Let Hi,H2, . . . be as before. We denote by Bj the set of the irreducible inequivalent 
representations of Hj containing nontrivial Z^— invariant vectors. Clearly Bi = {ir}, with 
lk the trivial representations of K. 

Definition 2.26. The Brattelli diagram is the graph whose vertex set is i3 = U^^^^yBj-; 
the edge set is constituted by all the pairs {p, o"}, with a G Bj and p G -Bj+i, such that 



KeSff.'^^ p contains a (and this is equivalent to say that Ind^^^-^^V contains p 
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A path in the Brattelli diagram is a sequence pi, p2, . ■ . , Pm with pj G for j = 1, 2, . . . m 
and {pj, Pj+i} an edge for j = 1, 2, ... m — 1. 

Suppose that the Gelfand-Tsethn condition holds. Let p be an irreducible representation 
of G contained in L{X) and consider a path C : pi, P2, ■ ■ ■ , Pm = P ending in p. Denote 
hy V = Vm the space on which p acts. Then Res^^_^K7i contains a unique subspace Vm-i 
such that Res^™_^pm restricted to Vm-i coincides with pm-i- Iterating this argument we 
obtain a sequence V = ^ Kni ^ ■ ■ ■ ^ V2 ^ Vi such that Res^J pm restricted to Vj 
coincides with pj (more generally, ioT m > k > j, Res^^p^ restricted to Vj is pj). As 

Res^^Pm restricted to Vi must coincide with pi = lk-, we have that dim Vi = 1 and Vi 
is spanned by a i^-invariant vector in V . Let C(p) be the set of all paths ending in p. 
For C G C(p) we denote by ViiC) the corresponding one dimensional space as above, and 
we select a vector vc G Vi{C) such that ||fc|| = 1 (such a vector is defined modulo a 
scalar multiple a G C with |a| = 1). By induction on m, it is easy to prove that the set 
{vc : C G C(p)} is an ortho normal basis for . 

Definition 2.27. The set {vc '■ C G C(p)} is called the Gelfand-Tsetlin basis for the 
ii'-invariant vectors in (p, V), associated to the chain G = Hm > Hm-i > Hm-2 > ■ ■ ■ > 
Hi = K. 

Suppose again that C : pi, p2 ■ ■ ■ , Pm ^ C{p) and denote by Vi = C the space on which 
acts pi = Lk- Then L{H2/Hi) = Ind^JVi contains a unique irreducible representation V2 
isomorphic to P2; iterating, Ind^™_^l^_i contains a unique irreducible representations Vc 
isomorphic to Pm- Then 

Theorem 2.28. 

cec{p) 

is an orthogonal decomposition of the isotypic component p. Moreover, the intertwiner 
operator associated to vc by (12.31) maps Vp into Vc- 

Proof. The only part to be proved is the statement about the image of the intertwining 
operator associate with vc- But this follows by iterated use of Lemma [2.231 □ 

We now present an explicit example of Gelfand-Tsetlin basis in the setting of the repre- 
sentation theory of the symmetric group. 

Let n be a positive integer. A composition of n is an ordered sequence a = (ai, 02, ... , cih) 
of positive integers such that ai + a2 + ■ ■ ■ + = n. A partition of n is a composition 
A = (Ai, A2 . . . , Xh) such that Ai > A2 > • • ■ > A/^. 

Set I{n) = {1,2, ... ,n} and let a be a composition of n. A composition (or ordered 
partition) of I{n) of type a is an ordered sequence A = {Ai, A2, . . . , Ah) of subsets Ai C 
/(n), called the A— elements, such that \Ai\ = a^, and Ai fl = for all 1 < i 7^ j < 
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n. Note that under such conditions IJ"=i = I^n). In other words, the A— elements 
partition the set I{n). Denote by VLa the set of all compositions of I{n) of type a. 

For A G Via, denote by 5^ = {o" G : a{Ai) C Aj, = 1, 2, . . . , /i} the stabilizer of A 
and by S'a^ = {a G : a{j) = j, Vj G I{n) \ Ai} its subgroup which acts non-trivially 
only on Af. is clearly isomorphic to Sq-, the symmetric group on elements. This 
way, = X X ■ ■ ■ X Sa^ = Sa^ x Sa^ x ■ ■ ■ x Sa^, for all A G fi^. 

Fix, once for all, an element A* = {Al, A2, . . . , A^) G Qa and denote, by abuse of 
language, its stabihzer 5*^* by Sa = Sa-^ x x ■ ■ ■ x Sa^, which therefore will be identified 
with a specific subgroup of Sn- Noting that Sn acts transitively on Qa, we can regard fla 
as the homogeneous space ^la = Sn/{Sai x S'aj, x ■ ■ ■ x Sa^); in particular |i7a| = • 

Let a and 6 be two positive integers and consider A = (Ai, A2, . . . , A^) \- a + b and 
/i = (/ii,yU2, • • • , fJ'h) l~ a two partitions of a + 6 and a, respectively. We write A ^ /i to 
denote that h < k and 

Ai > /ii > A2 > > ■ ■ ■ > Aft > /ift. (2.20) 

Proposition 2.29. The multiplicity of S^' (g) S^^'^ m Res^l+^'g^S^ (= the multiplicity of 
in Indsl+'sSS^ ® S^^)) is equal to 

(1 z/A^/i 
1^ otherwise. 

Proof. It is a particular case of the Littlewood - Richardson rule (see [211 [35]). □ 
In virtue of Proposition 12.291 if (ai, 02, ... , am) is a composition of then 



-^m Sn Sai+a2-\ hOm 

Hra—1 *S'q,-^_(_(J2H hflm-i ^ 'S'a^ 

: : : (2.21) 

H2 = Sai+a2 ^ X ■ ■ ■ X Sa^ 

Hi = Sa-^ X 5*0,2 X ■ ■ ■ X 5*0,^ 

satisfies the Gelfand-Tsetlin condition. 

From the representation theory of Sn [211 EH], we know that if /i = (/ii,/i2, . . . ,/ifc) l~ 
ai + a2 + - ■ ■ + aj then S*^ contains nontrivial Sai x 5*02 x ■ ■ ■ S'^ . -invariant vectors (and this is 
equivalent to say that S'^ is contained in M^i''*^'"''"^ ) if and only if /i > (ai, 02, ... , Oj), that 
is III > maxjoj}, ^1+^2 > max{aj+aj}, . . ., /ii+At2 + ' ■ ■+/Ufc-i > maxjajj +aj2 + - ■ -+0.1^.} 
(Young's rule). 

Then the levels of the Brattelli diagram of Sa-^+-+am > ■ ■ • > Sa^ x ■ ■ ■ x Sa„^ are 

= {yU h (ai + a2 + h ctj) : yU > (ai, 02, . . . , %)} 

and /i G is connected to u E Bj^i when ^ /i, that is when 5^ ® 5"*^"^+^^ is contained 

D ^a-i + a2^ l-^i + l ri^ 

Oa-i + a2^ t-aj >^Jaj^i 
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3 Explicit computations on the symmetric group 



3.1 Gelfand-Tsetlin bases in ^^^^'^ 

We now compute a Gelfand-Tsetlin basis for the representation S""^'^. 

Theorem 3.1. Let (ai, 02, ... , a^) be a composition of n. Set Ai = {1,2, . . . , ai}, A2 = 
{ai + 1, ai + 2, . . . , ai + 02}, Am = {am-i + 1, a^-i + 2, . . . , a^-i + ctm}. Then the 
Gelfand-Tsetlin basis of S'"^^'^, with respect the chain of subgroups in h2.21\) . is given by 



_ I aj ^ I ai + 02 H h aj-i ^ 

Y (ai + a2 H h aj_i)(ai + 02 H \- aj) W 0^(01 + 02 H h flj) 

/or j = m,m — 1, . . . ,2. 

Proof. First we make a preliminary computation. For a,b & N set A = {1, 2, . . . , a} and 
B = {a + l,a + 2, . . . ,a + b}. Then 

Recalling that = {/ G L(A U 5) : EjeAuB /O') = 0}' ^e deduce that 

^^4Txs,S''^'"''' = {S^"^ ® S^^^) ® ('5""''' ® ^^^0 © (5^"^ ® ^^"''') (3.22) 

where 



a 



© ^^''^ = {/ G L(A U 5) : 5^ fit) = 0,f\B^ 0}, 
5(a) ^ 56-1,1 = (/ e L(A U 5) : 5^ /(z) = 0, /U = 0}. 



Then simple computations show that a normalized x Sft-invariant vector in S^""^ © S^^^ 

is 



1a- " ^, 1b (3.23) 



a(a + 6) " \jb{a + b) 
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and, clearly, the other Sa x S'^-invariant vectors in S"*^"-* ^S'^*-' are multiple of such a vector. 



Now we show how to obtain the Gelfand-Tseitlin basis for S*" ^'^ associated to the chain 
fl2:2T|l . First of all, by (K2^ we can write 



The first representation (that is the trivial representations) obviously contains a non- 
trivial Sa^ X X ■ ■ ■ -invariant vector, given by (I3.23p 



{ai + a2 + h am-i){CLi + 02 + h am) 



ai + 02 + ■ ■ ■ + Ctm-l 



Omiai + 02 H h a„ 



On the other hand, it is clear that the third representation in fl3.24p does not contain 
any nontrivial such a vector, as it is -irreducible. Therefore we analyze the second 
block or, more precisely, its restriction to Sa^+a2+-am-2 ^ ^a^-i ^ ^ami that is 



© ^5'"i+''2H l-am-2-1,1 ^(fflm-l) ^ ^("m)^ ^^(ai+a2H Vam-2) ^cim-i-l,! 5'('*'")^ 

Again the first block is the trivial representation and therefore contains an invariant 
vector, namely 



(ai a2 H h a„_2)(ai 02 H h ctm-i) 



(3.26) 



am-i(ai + ^2 H h Clm-l) 



the last representation does not contain any nontrivial invariant vector and the interme- 
diate term needs to be analyzed. Iterating this argument, we can end the proof. □ 

We now write the spherical functions corresponding to the vectors Vj (see Definition 
I2.10p and we deduce in some cases an explicit expression of the projector defined in 
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Let {Bi, B2, . . . , Bm) € Qa and choose a G S'„ such that cr(Aj) = Bi ioi i = 1,2, ... ,m, 
i.e. 0" is a representative of the coset of S'„/ {Sa^ x^qj x ■ ■ -xSa^) identified by (Si, B2, . . . ,Br, 

Set A^' = U U ■ ■ ■ A. 1, B^' = fii U ^2 U ■ ■ • a,- = J , ^ ^ ^ % ^ — ^, 



Proposition 3.2. y4n explicit expression for the spherical functions (pj = {vj,avj), seen 
as functions of {Bi, B2, . . . , B^) (cf. (12. 7p ), is given by 



h{j) rava{aj ,h{j)—s} minjaj s} 

E E E 

s=max{0,2h(j)— n} «=max{0,aj +2/i(j)— s— n} D=max{0,aj +2/i(j)— s— n} 
mm{oj — Ji,aj — t)} 2 



^ sa-j- ajh{j){u + v) + zh{j) 

max{0,2aj -M-D-n+2/i(j)-s} j w / w / 



where 



Cs,u,v,z = {{Bi, B2,..., Bra) ■ lA-'nE^'] = s, \AJr]Bj\ = u, \B^nAj\ = V and \AjnBj\ = z). 

Proof. The proposition follows from the explicit expression of vj in Theorem 13. 11 applying 
the following observations {C and D are two finite subsets of a finite set F) 



ale ■ pin = apicnD, 



sa'^ -ajh{j){u+v)+zh{j)^ 
a,hij)h{j+l) • 



• max{0, + \C\ + \D\} < \C D D\ < min{|C|, \D\}, 

• A^' n Bj = [A^ \ {A^ n B^')] n Bj C I{n) \ B^ 

• B-'' n Aj = [B^ \ (B^ n A^')] n Aj C I{n) \ A^, 

• Aj n Bj = [Aj \ {Aj n B^')] n [Bj \ {Bj n A^')] C I{n) \ {A^ U B^'^ 

Proposition 12.121 writing instead of Ef" becomes 



□ 



iElf){B„ B2,..., BJ ={Elf){cr{A^), ^(^2), . . . , = ■ ■ ■ aJ. ^^^^^^^^ 

_ {n- l)ai\a2\ • • -am! ST" / f \ 



s,u,v,z 

(3.28) 
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Note that {Bi, B2, . . . , Bm) is determined by {B2, . . . , Bm), as Bi = {B2 U ■ ■ ■ U BmY. 
Example 3.3. We now apply the above formulas to the particular case 

iJl = Sn-2 xSiXSi<H2 = xSi<Hs = Sn. 

Therefore, m = 3, ai = n — 2 and 02 = 03 = 1. We identify Sn/ {Sn-2 x Si x S — 1) with 
{{t,j):t,j elin),i^j}. Thens= |{l,2,...,n-2}n{z,j}^U= |{l,2,...,n-2}nW|, 
V = n{n- 1}\ and z = \{i} f] {n - 

We determine the spherical function associated with 



Clearly, n-4<s<n-2, h{2) = n - 2 and h{3) = n-l. 

• If s = n — 2 then u = v = and < z < 1, and we have two possible cases: 

- Cn-2,0,0,1 = {(^ - 1,^)} 

- Cn-2,0,0,0 = {{n,n- 1)} 

• If s = — 3 then 0<m<1, 0<f<l, max{0, l~u — v}<z< min{l — u, 1 — v}, 
and we have 4 possible cases 

- Cn-3,1,0,0 = {ii,n - 1) : i e {1,2, , . . . ,n - 2}} 

- C„_3,o,o,i = {{n -l,j):je{l,2,,...,n- 2}} 

- C„-3,o,i,o = {in,j) : j G {1,2, ,...,n-2}} 

- Cn-3,i,i,o = {ii,n):ie{l,2,...,n- 2}}. 

• For s = n — A we have u = v = 1 and z = and the only possible case is 

- C„_4,i,i,o = {{ij) ■.i,je{l,2,,...,n-2}} 

Then by Proposition 13.21 we have 



1 1 ^2 - 3n + 1 



0,1,0 ~ Q -^Cn-S, 1,1,0 7Z 1 \ /„ riT -^^71-4, 1,1 ,0 ' (3.29) 
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and therefore, by fl3.28p the corresponding projection is given by 

n nin — I) nin — Ijin — 2) ^-^ n\.n — \)\n — l) ^-^ 

? TV( ( ^ o\ Yl ~ 7 TT? ^ Yl /(^'^)- 

(3.30) 

Simple computations show that 

r) — 1 _ 1 _ 

iElf){^,J) = -f{^) + -fU), (3.31) 

n — 2 n — 2 

where 

3.2 Two decompositions of M*^"^'^^ 

In this section we present two different decompositions of the module M"~^'^'^. Since 

^„-2,i,i _ ^ (5„/(5„_2 X 5i X 5i)) = 5^") © 25"^i'i © © (3.32) 

this means that we give two different ways to decompose 25*""^'^. 

The first decomposition is based on the chain of subg roups Sfi ^ Sji—2 X 5*2 ^ Sn—2 X 
Si X Si. Using the notation of subsection [231 we have L{X) = M^-^.i'i, L(Y) = M"-2,2 
and Z = ni2 = S2. Clearly L{Z) = M^'^ = 5(2) ^1,1 and therefore 

jVf "-2,1,1 = lnd^£_^^s^ [^("-2) ® M^'^] 

= I^df:_,,^, [5("-2) © 5(2)] © Ind^:_^,,^ [^(--2) © 5^.1] 

where 

Mr'-^'^ = {/ G M"-2'i'i : /(^,j) = /(j,^), y^,J e {l,2,...n}, z ^ j} 

and 
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^„-2,i,i ^y.^ ^„-2,i,i . f^^^^^ ^ y^^^. ^ |i,2,...n}, 2 ^ j}; 

this is also a particular case of Example I2.21[ Clearly 



^n-2,1,1 ^ ^„-2,2 _ gin) ^ gn-1,1 ^ ^„-2,2_ 



and therefore from fl3.32p we deduce that 
The projections onto M^~^'^'^ and M^~^'^'^ are given by 



and 



where 
J ^ Is 



Pa: M"-2,i,i ^ m^^'^'^ , _ /(^, j) - /(j, ^) 



. ^ . where fAihj) ^ 

We now determine the projections onto each irreducible component. If we apply Theo- 
rem [3lT] with a\ = = \^ a-i = n — 2 and = {n}, A2 = {n — 1}, A3 = {1, 2, . . . , n — 2}, 
we get an orthonormal basis for the Sn~2 x 6*1 x S'l-invariant vectors in the representation 
given by 



and 



n-2 2 



VA = V2 = y - Y 

The corresponding matrix coefficients are 

r's lc„_2,o,o,2 ~^ 2(n 2) "^''""■^'I'l'^ ^ 2 "^'--n-4,2,2,0 

where 

• C„-2,o,o,2 = {(^, j) : j G - 1, ?^}, « 7^ j} 

• C„_3,i,i,i = : |{z, j} n - l,n}| = 1,1^ j} 
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C„-4,2,2,o = {(hj) ■■ n{n-l,n} ^ j} 



and 



0^ — lCi,o,o,i 



where 



Ci, 0,0,0 



Co, 0,0,1 



Co, 1,0,0 



;lco,o,i,o ~ -'-Co,i,i,o (3-33) 



• Ci,o,o,i = {{n - l,n)} 

• Co,o,o,i = n) :iy^n-l,n} 

• Coj,o,o = {{i.n - 1) : i ^ n - l,n} 

• Co,i,i,o = {(n,n-l)}. 

The corresponding projectors are given by 



1 1 



(3.34) 



and 



77/ 



-^E/(^'^)-^E/(^'^)-/(^'^) 



. (3.35) 



We can summarize the above analysis by saying that a function / G M""^'^''^ can be 
decomposed as / = /s(= € M^~^'^'^) + /a(= -Pa/ G M^~^'^'^) and these, in turn, 
can be decomposed as 



and 



fs = /5,o(i,j)(e ^("^) +/5,i(e ^r''') +/5,2(e 5'^-^'^) 
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Note that the other projectors can be easily computed as difference: for instance the 
projector onto S*""^'^'^ is equal to Pa — E\ (and the projector onto S^'^^ is just the average). 

We now present a statistical interpretation of this decomposition. Suppose that we have 
an election for the president and the director of an association with the following rule: 
every elector chooses a pair (i, j) where i is its favorite candidate as president and j is its 
favorite candidate as director. Then the data of the election is an element / G M""^'^'^ 
and the projections have the following interpretations: (compare with [T3l [T^ ) 

• fsihJ) represents the vote for the unordered pair {i,j}'- there is not preference for 
i as president or j as director and viceversa; 

• fsfiihj) is just the average vote; 

• fs,i{hj) is the effect of the popularity of the single inside an unordered pair; 

• fs,2{hj) is the vote of the unordered pair without the effect of the singles; 

• fA^hj) is the vote to the ordered pair without the effect of the unordered pairs; 

• fA,i is the effect of the single in the ordered pair without the effect of the unordered 
pairs; 

• is the vote to the ordered pair without all the other effects. 

We now describe an alternative decomposition of M"~^'^'^. The only difference with re- 
spect the previous case it is the different decomposition of the isotypic component 25'"'"^'^. 
This time we use the chain of subgroups in Example l3.3[ In the notations of Example l2.21l 
we have the following positions: H = Sn-i x Si, K = Sn-2, X = Sn/Sn~2 = {{hj) '■ hj ^ 
{1,2, . . . ,n}}, Y = Sn/Sn-i = {l,2,...,n} and Z = S'„_i/5'„_2 = {1, 2, . . . , - 1}. The 
map TT : X — > F is given by (z, j) i-^ j and therefore n'^iJ) = : i G {1, 2, . . . , n}\{j}. 

Observe that L{7r-\j)) ^ M"-^-! = 5("-i)(j)©^"~^'Hj) where S'-''-^\j) (resp. S'^-^'^j)) 
denotes the space of constant functions (resp. of mean value zero) on 7i~^{j). 

Therefore, applying the theory developed in subsection 12. 4[ one gets 

n 

M-2-i.i = 0L(7r-i(j)) 

In other words 

n 

Mr''' = Ind£_,.,, ® 5«] = 05("-)(j) 
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represents the subspace of M" ^'^'^ of all functions that depend only on the j coordinate, 
while 



j=i 

= {fe M"-2'i'i : /(^' j) = 0, Vj G {1, 2, . . . , n}}. 

i 

Clearly Mf"^'^'^ = M"-i'i = S^") © S""^'^ and therefore Ma"'^'^'^ = ^^^'^ © S^^^'^ © 
^n-2,i,i_ j^gjj^ains to compute only the projection on S*"^^'^ (the projection onto 5*2"^'^ 
has been computed in Example I3.3p . It is easy to see that the projection Pi onto M"~^'^'^ 
is given, for / G M""^'^'^, by 

Pif{i,3) = ^Y.f^^^jy (3.36) 
n — 1 ^-^ 

h 

and therefore the projection onto 5"^^'^ is given by 

n — 1 — ^ n n — 1 — ^ 

h ^ ' h,k 

as the last term is nothing but the projection onto 5*'-"^. 

In order to clarify the statistical meaning of this decomposition, we first observe that 
5-1,1 ^^p^ ^n-2xi . p^^^^^ ^ fij),Y.fih) = 0}, (3.37) 

h 

while from fl3.3ip one easily gets 

Sr''' = {Fe : F(z,j) = {n- l)f{^) + /(j), J]/(/^) = 0}. (3.38) 

h 

Therefore the isotypic component is given by 

25-1.1 = {FE M"-2'i'i : Fiz,j) = + ^(j), ^ h{h) = U^) = 0}. 

h h 

The global projection onto the isotypic component is nothing but the best approximation 
of the data with a function of the form fi{i) + /2(j), where fi{h) = J2h f'^W ~ ^■ 
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Therefore, fi{i) is the effect that candidate i is chosen as president and /2(j) that j is 
chosen as director (once the average vote has been removed). On the other hand, Pif{i,j) 
is the average vote of j as director (see fl3.36p ). Therefore Elf equals Pi/, once the average 
vote has been removed, while E^f is the best approximation of the form fi{i) + fj{j) (as 
above), once Elf has been subtracted out. For the interpretations of the projections onto 
^"-2'2 and we refer to [Hill]. 

3.3 The semistandard basis for the space Homs„{S"' , M^) 

The present subsection is a translation, into our framework, of the results in sections 2.9 
and 2.10 of |35]. See also |46j. Appendix C (and the original source ^24j). Suppose that 
a = (ai, a2, . . . , at) and b = (6i, 62, • • • , bk) are two compositions of n. We begin with a 
description of the orbits of Sn on Qa x ^b- 

For A & Qa and B ^ Qi, denote hj C = AAB their intersection, namely the composition 
of I{n) whose elements are the non-empty Ajfl-Bj's ordered lexicographically (i.e. < 
{i', j') iii < i' 01 i = i' and j < j'); denote by c the corresponding type of C. The following 
fact is obvious: 

Lemma 3.4. Let A E Qa O'nd B E and C = A A B E Qc o.nd consider the actions of 
Sn on Qa X o-^d on VL(.. Then o G Sn fixes {A, B) E Qa >^ ^b if o-nd only if it fixes C . 
In other words, Sa^ Sb = Saab- 

We replace the notion of intersection of two partition with the following notion: 

For a G C(n, h) and b E C{n, k) denote by "ORa^b the set of all matrices {rriij) E M/jxfc(N) 
(with non-negative integer entries) such that X]i=i'^i-j ~ j = 1,2, . . . , /c and 

Sj=i = '^i for alH = 1, 2, . . . , /i. We may also say that the column sums (resp. the 
row sums) of the matrix (w^i.j) equal the fej's (resp. a^'s). 

With A E Via and B E i^t, we associate the matrix m = m{A, B) E ^a,b defined by 
setting rriij = \Ai H Bj\, for all j = 1, 2, . . . , /c and i = 1,2, . . . , h. We then have 

Lemma 3.5. {A,B) and {A',B') G fia x ^fe belong to the same Sn— orbit if and only 
if m{A, B) = m{A',B'). In particular the set of Sn orbits on Qa x Qb is in one-to-one 
correspondence with DJla,b- 

Proof. The "only if" part is obvious: lAjflSjl = \a{AinBj)\ = \aAinaBj\ for all a E Sn- 
Conversely, suppose that m{A, B) = m{A' , B'). Then the intersection compositions AAB 
and A' A B' are of the same type, say c. As Sn acts transitively on VLc there exists a E Sn 
such that a{A A B) = A' A B' and thus a{A, B) = {A', B'). □ 

For a E C{n, h), b E C{n, k) and M E 071^,6 we define Tm M°- ^ by setting 
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{TMf){B)= Yl /(^) "^Ben, 

m{A,B)=M 

or equivalently 

m{A,B)=M 

Then 

Theorem 3.6. {Tm : M e OJl„,b} is a basis for Hom5„(M'', M*). 

Proof. (Sketch) Theorem 12.81 may be generahzed in the following way: if X and Y are 
G-space then B.omG{L{X) , L{Y)) is isomorphic to the vector space of all G-invariant 
functions on X x F (see also [38j). The correspondence 

orbit associated toM i — > Tm 
is just this isomorphism in the present setting. 

□ 

It is clear that the restriction of Tm to S"* belongs to Hom5„(5'", M^). In [32], section 
2.10, it is presented a basis of Hom5„(S'", M'') in terms of generalized tableaux. In the 
following we describe this basis in terms of the operators Tm- Keeping the notation of 
[35] p. 79, we first observe that the correspondence 

T^{s} 

could be expressed in the following way: {s} is the tabloid of shape 6, obtained inserting 
I into the row T(/), / = 1, 2, . . . , n. Therefore, if T is a generalized tableau of shape a and 
content 6, and 9t is the isomorphism associated to T as in Definition 2.3.9 of [35J, then 
oOt: ^ M^ could be described by 

e-'oeT{{t})= Yl W' 

se0-i({T}) 

where the sum is over all tabloids {s} of shape b such that the number of elements in 
common between the i-th row of {s} and the j-th row of {t} is equal to the number of 
i in the j— th row of T. Indeed the elements S G {T} are just the generalized tabloids 
obtained by permuting, in all possible ways, the rows of T and therefore must go into the 
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S{l)-th row. We deduce that the elements in the j-th rows of {t} must go in the rows of 
{s} G 6^^{{T}) corresponding to the numbers in the j-th row of T. 

In other words, if T is a generahzed tableau with the rows weakly increasing (so that 
there is only one such a tableau for each class {T}) we obtain a bijective correspondence 
o 6t ^ Tm where M = {rriij} is the matrix given by 

rriij = number of i's in the j-th row of T. 

We could also say that o Ox is an equivalent description of the operator Tm- In 
virtue of this correspondence we say that a matrix M G ^a,b is semistandard if the 
corresponding generalized tableau is semistandard. 

Finally, Theorem 2.10.1 can be translated in the following way: 

Theorem 3.7. Suppose that X,n are partitions of n. Then the set {Ta/I^a : M G 
93Ta,/x5 M is semistandard} is a basis for Homsn(S''^, M^). 

In particular, is contained in if and only if A > /i (Young's rule). 
3.4 A Gelfand-Tsetlin decomposition of M"^'^ 

In [31], the first named author computed an orthogonal basis for the Sa>^ SbX invariant 
vectors in the irreducible representation 5'"'^''^. Indeed, it was computed the Gelfand- 
Tsetlin basis associated to the chain of subgroups Sa+b+c > Sa+b x •S'c > Sa x Sf, x Sc- 
However, the results in [39] are expressed in terms of a complicated family of orthogonal 
polynomials in four variables. In the present subsection, we want to find the corresponding 
decomposition of M"'''''^ in a completely different way: we use the semistandard basis in 
the preceding subsection. We begin with some general notions. On the space M'^^'"^' ' '"* 
we define the following operators 

di,jS(^AuA2,...,Ak) = X] S(Ai,...,Ar'J{x},...,Aj\{x},-,Ak) 

xeAj 

while 

Ai,/(Ai,A2,...,Afe) = ^ '5(Ai,...,(AAM)U{x},...,(AA{a;})uM,...,Afe)- 

xeAj 
y&Ai 

The case = 3 has been studied in [32] and we have the following results. We recall the 
decomposition of M"''' into Sa+fe-irreducible subspaces: 

b 

M"'^ = (4i) [M"+'^'''-'^ n ker rfi,2] 

fe=max{0,b— a} 
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where M"-^^'^ ^ n ker di^2 

is isomorphic to the irreducible representation S°-^^'^~^. 
Lemma 3.8. ^39] Suppose that {a,b,c) is a composition of n. Then we have: 

1- ('^2,1)'^ [M""'"'^'''"'^''^ n ker (ii^2] is an eigenspace 0/ Ai_2 and the corresponding eigen- 
value is: ab — {b — k){a + k + 1) . 

2. The following is an orthogonal decomposition into Sn-invariant subspaces: 

b 

A;=max{0,6— a} 

3. In the permutation module 

the subspace ((^2,1)'^ [M""'"'^'''"'^''^ fl ker ^1^2] corresponds to 



Corollary 3.9. The subspace Ind^;;+|;+5^ ^ga+k,b^k ^ ^(c)j ^a,b,c characterized 
as the eigenspace 0/ Ai^2 corresponding to the eigenvalue ab — {b — k){a + k + 1) . 

Proof. The function k ab—{b — k){a-\-k-\-l) is decreasing for max{0, b — a}<k<b. □ 

Now suppose that (a, b, c) is a partition, that is a < b < c. Let (a, P, 7) be another 
partition of n such that (a,/5,7) > (a, 6, c) (that is a > a and a + P > a + b), so that 
ga,(3,-y jg contained in M'^'''''^. Consider the matrices 

(a I a — a — l^ 
b-l i3-b + l 
7 

(a — 1 I a — a — I + V 
1 b-l (3-b + l-l 
7 

(a I a — a — / + 1^ 

6-/ p-b+l-1 

7 

and let 
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be the corresponding operators. For instance, if for {D, E, F) e f^a,/3,7 and (^4, B, C) e 
^^a,b,c, we set 



m{{D,E,F),{A,B,C))^ 



(\DnA\ \DnB\ |r>nc|\ 

\Er\A\ \EnB\ \E^C\ 

\\Fr\A\ \F{^B\ \Fr\C\j 



then 



%S^D,E,F) = 



E 



Ka,b,c)- 



(A,B,c)ena,b,c- 

m{{D,E,F),{A,B,C))=Mi 



Note that % is semistandard when 



/ a — a — I 





1 • • • 


i 


2 ... 2 


3- • -3 


h-l 


2---2 


3 


•••3 








3---3 


7 
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max{0, b — a, P — a,b — < I < min{6 — 7, ck — a}. 

Since any semistandard tableaux of shape {a, (3, 7) and content (a, 6, c) is as above, we 
can say that [Ti\sa,i3,j : max{0, b — a, P — a,b — P} < I < min{6 — 7, a — a}} is a basis for 
Hom5„(5"'^'T,M"'''''=). 



Lemma 3.10. 1. 



T/'d,,2 = T/+{b-l + l)7I_i + {P-b + 1)% 



2. 



Proof. First of all we observe that if {D, E, F) e ^a,i3,y then 
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(D',£;',F')Gn<,+i,^_i,^: 
DCD'ECE',F=F' 



DCD',ECE',F=F' m{{D' ,E' ,F'),{A,B,C))=M[' 

J2 aA,B,C)S(A,B,c) 

(A,B,C)£na,b,c 



where 



B, C) = \{{D', E\ F') e r^„+i,/3_i,7 : D C D',E C E',F = F' and 

m {{D', E\ F'), (A B, C)) = M[']\. (3.39) 

Suppose that (D, E, F) G fia,/3,7 and (A, 5, C) G 0.a,b,c and that there exists {D' , E', F') G 
such that D C D', EC E', F = F' and m'((D', E\ F'), (A, B, C)) = M[' . This 
means that 

(\D'nA\ \D'nB\ \D'nC\\ 

\\E'r}A\ \E'r}B\ \E'r\C\\ 
\\F'nA\ \F'r}B\ \F'r}C\j 

and that there exists x G -D' such that 

D = D'\ {x} and E = E' U {x}. 

Therefore 

• ifxeD'nA then m {{D, E, F), (A, B,C)) = M[ 

• ifxe D'nB then m {{D, E, F), {A, B,C)) = M,_i 

• if X G n C then m {{D, E, F), (A, B,C)) = Mi. 

In other words, m ((F), F, F), (A, B, C)) G {M/, Mj.i, Mi}. On the other hand, the num- 
ber ^(A, F, C) in flX^ is equal to 

• 1 if m ((F, F, F), {A, B, C)) = M/ 

• 6 - / + 1 if m ((F, F, F), {A, F, C)) = M,_i 

• /3 - 6 + / if m ((F, F, F), {A, F, C)) = M,. 




35 



Indeed, in these three cases, D' = DU{x} and E' = E\{x}, where x belongs respectively 
to E n A, E n B and E (1 C and the cardinalities of these sets are 

• \EnA\ = liim {{D, E, F), {A, B, C)) = M[ 

• \EnB\=b-l + lifm {{D, E, F), {A, B, C)) = Mi^i 

• |E n C| = /3 - 6 + / if m ((D, E, F), (A, 5, C)) = Mi. 

This gives 1). 

The proof of 2) is similar and it is left to the reader. □ 

Recall that S"'^'"^ = M"-'^'^ fl ker di^2 H ker ^2,3 (James' intersection kernels Theorem: see 
[211 HH] and [37] for an elementary proof). 

Corollary 3.11. Set Ji = TIl^c./j,^. Then 

Ai,2Jz = [al -{l + l){b- l)]Ji - (/ + - 6 + / + 1) Ji+i. 

Proof. From 1 in Lemma [3. 101 (with Z + 1 in place of /) we deduce that, for / G M"'^'"^ n 
ker di^2, we have 

= T/^J + (6 - l)Tif + {/3-b + l + 1)7^+1/, 

and therefore, by 2 

Ai,27I/ = alTif + (1 + 1) [-{b - l)Tif -{p-b + l + 

= [al -{l + l){b-l)]Tif-{l + l){(3-b + l + l)Ti+J. 

Since S"'^'"' C M"'^'''' nker(ii^2, we have the statement. □ 
For a G M and A; G N, we set 

{a)k = a{a + 1) ■ ■ ■ (a + A; — 1), (a)o = 1. 
Theorem 3.12. For max{0, b ~ a, f3 — a,b — j3} < k < min{6 — 7, a — a}, the operator 



l=k 



^ \k){a-b + 2k + 2)i.r 



intertwines ^"'^'^ = M"'^'^ n ker rfi,2 n ker ^2,3 with (^2,1)'' [M"+'='^-'=''= n ker ^1,2] , which 
is isomorphic to Ind^"+|^+''^^ ^ga+k,b-k ^ ^(c)j ^ particular, 
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min{6— 7, o—ci} 
k=ma,x{0,b—a,l3—a,b—l3} 

is the Gelfand-Tsetlin decomposition of the S'^'^''^ -isotypic component of M"''^''^ corre- 
sponding to the chain of subgroups Sa+b+c > Sa+b y< Sc > Sa x St, x Sc- 

Proof. We look at the eigenvectors of Ai 2 of the form 

I 

where / G S'^'^'"' and uj{l) are coefficients to determine. In virtue of Corollary 13.111 we 
have 

Ai,2 ^(0^^ = {^(^) - + 1)(^ - 0] - ^ii - mi3 -h+i)}ji. 

I I 

Therefore we must solve the eigenvalue problem 

uj{l) [al - (/ + 1)(6 - /)] - u{l - l)l{(3 -h + l) = 
Z = max{0, 6 — a, /3 — a, 6 — . . . , min{6 — 7, a — a}. 

Since the matrix associated with the system fl3.40p is upper triangular, the eigenvalues 
are the diagonal coefficients: 

Afc = aA; - (A; + l){b - k) 

k = max{0, b — a, (3 — a,b — (3}, . . . , min{6 — 7, a — a}. 

In order to determine the eigenvectors corresponding to A^, it suffices to set co'(Z) = for 
I < k; therefore fl3.40p becomes 

uj{l) [al - (/ + 1)(6 - /)] - uj{l - l)l{f3 -b + l) = [ak-{k + l){b- k)] uj{l) 
I = k, k -\- 1, . . . , min{6 — 7, a — a} 

which is solved by uj{k) = 1 and, recursively, 

li(3-b + l) 
= {l-k){a-b + l + k + lf^^ - 

/(/ - 1) ■ ■ ■ (fc + 1) {/3-b + l)---{p-b + k + l)uj{k) 



{l-k)\ {a-h + l + k + l)---{a-h + 2k + 2) 

l\ {f3-b + k + l)i_k 



k:J {a-h + l + 2k + 2)i_k 
We can end the proof by invoking Corollary 13.91 □ 
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Corollary 3.13. S""'^'^ is contained in ln<lf+^l%\^S'''^^^^-^ ® S^"'^] if and only if 

max{/? — a-,h — (3} < k < min{6 — 7, a — a} 
and the multiplicity is always equal to 1. 

Proof. Follows immediately from the above theorem. □ 

The operator Ai^2+ ^1^3+ A2,3 belongs to the center of HomG(L(X), L{X)) and therefore 
each isotypic component is an eigenspace. Its spectrum has been determined in [39] . 
Theorem 4.3. This, coupled with the above theorem, gives 

Corollary 3.14. The eigenvalue of the operator A2,3 + Ai^3 restricted to the suhspace of 

Ind5;;+^+^5j5"+^'^-^' ® S^^^] isomorphic to 5"'^'^ is 

^[a^ + /^^ + 7^ - 2^ - 47 - - 6^ - c^] -ak + {k + l)(h- fc)], 

for max{/? — a,h — (3} < k < min{6 — 7, a — a}. 

Example 3.15. Assume the notations in subsection 13. 2[ Then the semistandard basis of 

Hom5„(S'"~^'"'^, M""^'-*^'^) is given by the operators j7o, J7i, where 

(Jo/)(^,j) = /(O and {Jif){i,j) = fU), 

for all / G S*"^^'^. The Gelfand-Tsetlin decomposition is given by the operators: Rq = 
j7o + and Ri = J\. This agrees with the characterizations in (13.371) and fl3.38p . 

Example 3.16. Now suppose that (a, 6, c) = (n — 3, 2, 1) and (a, /?) = (n — 2, 2), 7 = 0. 
Identify fi„-2,2 with the set of all unordered pairs where z,j G I{n),i ^ j, and 

with the set of all ordered pairs {{i,j},k), where {i,j} G f2„-2,2 and k ^ {i,j}- 

j 

In particular, 5*""^'^ is the space of all functions / G M"~^'^ such that ^ f{{hj}) = 

i=l 

for all j G /(^). Moreover, the semistandard basis of the space Hom5'„(5'"~^'^, M"~^'^'^) 
is given by the operators j7o, J7i where 

{Jof){{t,j},k) = f{{i,j}) and {Jif){{t,j},k) = f{{i,k}) + f{{j,k}). 

Now the Gelfand-Tsetlin decomposition is given by the operators -Ro = Jo + ;7Z3<^i and 
-Ri = Ji- 
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3.5 Concluding remarks 



The results in this section should be generalized to every isotypic component in any 
permutation module (a a composition of n). But we do not know if the detailed 
analysis in the special cases presented in this section may be obtained in the general case 
(cf. the complicated formulas in [39]). However, we indicate three lines of research that 
should be followed to deal with the general case: 

• The theory of Gelfand-Tsetlin basis, as developed in [33l |M| for the whole group 

algebra of the symmetric group (that is, ) , should be extended to any permuta- 

fe-i 

tion module M". In our context, the operators ^ Aj ^ should play the role of the 

i=l 

Young- Jucys- Murphy elements in [231 El]- 

• It should developed a general theory of H — i^-invariant functions on spaces with 
multiplicity, along the lines of [T7] and [3H] • Indeed, even in the case of the Gelfand 
pair {Sa+b, Sa x Sh), the spherical functions are derived in the more general context 
of the Sa^- Sf, — Sa+k X Sb-fc-invariant functions [9], |Tl] . We mean that the spherical 
functions in M" should be studied in the more general context of the Sa x S*;,- invariant 
functions, b another composition of n. See again [39] . 

• There should be a clear connections between the spherical functions in M" and the 
Clebesh-Gordan coefficients of the unitary group. This has been explored in [27| 
in the case of the Gelfand pair {Sa+b, Sa x Sb); see also [26] (which, unfortunately, 
has not been translated from the Russian) and [T2|. The theory of Clebesh-Gordan 
coefficients of the unitary group has been extensively developed; see [HI B9] . 

4 Harmonic analysis of the composition action of a 
crested product 

The results in this section constitute a noncommutative generalization of the theory 
crested product of symmetric association schemes, developed in [1]. We refer also to 
[2], Chapter 10. 

4.1 Invariant partitions 

In this subsection, we give a noncommutative generalization of Theorem 10.5 in [2j. More- 
over, we use the algebra of bi-i^T-invariant function in place of the isomorphic Bose-Mesner 
algebra. 
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Let F be a finite group and Y = F/H a. homogeneous F-space. Suppose that yo is the 
point stabihzed by H and that Y = Uj^zj Aj is the decomposition of Y into if-orbits, with 

e J and Ao = {yo}- If we set A^ = {{uy,uyo) : u e F,y e Aj} then Y xY = Ujej^i 
is the decomposition of y x y under the diagonal action of F; clearly 



Aj = {yeY:{y,Xo)e~A,}. (4.41) 

Let Q be a partition of Y, that is F = UbsQ-^- associated equivalence 

relation, that is y ~q y' if and only if y and y' are in the same part of Q. Define Rq by 
setting 



RQiy,y') 



1 if 2/ ~Q y' 

otherwise. 



Suppose that Q is F- invariant; this means that if ?/ ~q ?/' and u & F then uy uy' . 
Clearly, Q is F-invariant if and only Rq is constant on the orbits of F on F x if this 
is the case, there exists Jq'^ J such that 



Rq=Y.^K,- (4.42) 

Set Bq = {y ^Y : y ~q yo}, that is Bq is the part of Q containing y^. Then (I4.4ip and 
(I4.42p ensure us that 

U = E1a.- (4.43) 

Let S = {^s ^ F : sBq = Bq} be the stabilizer of Bq. Note that S = {s E F : syo ~q yo}; 
in particular, H < S. 

Lemma 4.1. Define a relation in J by setting i ^ j if there exists s E S such that 
Ai n sAj 7^ 0. Then ~ is an equivalence relation. Moreover, 

1. if i E J then the cardinality of the set 



{seS:sy' e A,} (4.44) 



is the same for all y' G ]J A^; 



2. if [i] denotes the equivalence class containing i, J / ~ is the quotient set and A[j] = 
LJiG[i]Ai then 

Y= W A[,] (4.45) 
is the partition ofY into S -orbits. Moreover, [0] = Jq and A[o] = Bq. 
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Proof. First of all, we prove [H Suppose that i ~ j and y', y[ G Aj. Since is an iJ-orbit, 
there exists h & H such that hy[ = y'. Then the bijection 

{s e S : sy' e Ai} {si e S : siy[ G At] 

s I — > Si = sh 

show that the cardinality of (I4.44p does not depend on the choice of y' G (in particular, 
(I4.44P is non empty for any y' G A^ with i ^ j). Suppose that also i k and take y" G A^. 
There exists Si,S2 G S such that Siy', S2y" G Aj, and therefore if hs2y" = Siy', with h E H, 
we have y' = Soy", with sq = Si^hs2 G S. Then the bijection 

{seS:sy'e Ai} ^ {s' e S : s'y" G A,} 

S I > s' = SSq 

shows that the cardinality of f l4.44p does not depend on j . We have proved [H 

Now we prove that ~ is an equivalence relation. It is reflexive because 1^ G 5*. Taking 
s~^, we get immediately the symmetricity. Suppose that i ~ j and j ~ k. Then there 
exist y" G A^ and s' E S such that y' = s'y" G A^. Using [H we can say that there exists 
s G S" such that sy' G Aj. Then ss'y" G Aj and i k. Finally, every S'-orbit is if-invariant, 
because H < S, and therefore it decomposes into a disjoint union of if-orbits. Then the 
definition of ~ ensures us that Aj and A^ are in the same S'-orbit if and only if z ~ j. 

□ 

Now suppose that Y = IJ,^^^- C is an iJ-invariant partition ofY. Then Ic G L{H\F / H) 
for each C E T . We will say that T is a right ideal partition of Y if the vector space 
(Ic : C G T) is a right ideal in the algebra L{H\F/H). This means that / G L{H\F/H) 
and C G T implies that Ic * f e {Ic ■ C E T)). 

Lemma 4.2. The H -partition (14.451) is a right ideal partition ofY. 

Proof. Let Jo and Bq be as in (14. 43 p . Denote by V the subspace of L{H\F / H) spanned 
by the functions {1a[,] : [i] ^ J' / ~}- For every i E J', denote by mj the cardinality of 
the set (I4.44P divided by \H\. By definition of convolution, if i ~q j, t G F and tyo G Aj 
then 
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and therefore 



m,;lA,.., e V 



(4.46) 



for every i ^ J ^ which imphes that I^q * / G V for every / G L{H\F/H). Another 
apphcation of (I4.46P yields 



1 



Iah * 1a, = — Ibo * 1a, * 1a, G V, 
1 1 hi 

for all [i] G i7/ ~ and j G JT", and therefore V is a right ideal in L{H\F / H) . 



□ 



The partition (14.451) will be called the right ideal partition associated to the invariant 
partition Q. 

Example 4.3. Let F, H,yQ, J, Aj be as above (without assuming the existence of an 
invariant partition) and suppose that F' is another finite group, acting transitively on Y' = 
F'/H', with H' stabilizer of i/q. Suppose also that Y' = Ujgj-' the decomposition 
of Y' into iJ'-orbits, with G ^7' and Aq = {i/q}. The wreath product of F' by F is the 
group F' I F = F'^ X F = {(/,«) : u e F, f : Y ^ F'} with the multiphcation law 
(/,«)(/!, Ml) = (/ ■ m/i,mmi), where (/ ■ ufi){y) = f{y)fi{u-^y) for every y eY. The 
group F'lF acts on y x F' by the composition action [IHIES]: (/, «)(?/, y') = (uy, f{uy)y'), 
for all (/, m) E F' I F and {y,y') G F x Y'. The stabilizer of (?/o,?/o) is the subgroup 
L = {{f,u)eF'lF:ueH, f{y,) G H'} and 



Y xY' 



II (Ao X a;.) 



II (A.xr) 

ie:r\{0} 



(4.47) 



is the decomposition oi Y x Y' into L-orbits [lOj. Now there is a natural invariant 
partition on y x Y': 



YxY'=WBy, 

y& 



(4.4J 



where By = {{y,y') : y' G Y}. It is easy to see that (/, m)(i/o, 2/o) = {uyoJ{uyo)yo) e 
= Aq X y if and only if m G if; in other words, the stabilizer of By^ is F' I H. It 
follows that, in the present situation. 



y X y = ]J (Aj X y') 



(4.49) 



is the right ideal partition associated to the invariant partition (14.481) . 
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Example 4.4. Take F = Sn and H = Sn-2 x Si x Si, where Sn-2 acts on {3, 4, . . . , n}. 
Then the orbits of F on F/H are Aq = {(1,2)}, Ai = {(2,1)}, A2 = {(l,j) : j ^ 1,2}, 
A3 = {(2,j) : J ^ 1,2}, A4 = {(^,1) : z ^ 1,2}, A5 = {(z,2) : z ^ 1,2}, and Ag = 
{(i,j) : i ^ j and z,j 7^ 1,2}. Take the invariant partition G/H = IJ"=i -Bi, where 
Bi = {{hj) '■ i 7^ j}- Then the stabihzer of Bi is Sn-i x 6*1 (^n-i acts on {2,3, . . . ,n}) 
and the relation ~ is given by ~ 2, 1 ~ 4 and 3 ~ 5 ~ 6. 

Remark 4.5. We can define another equivalence relation on J' by setting i ^ j when 
there exist y E Ai and y' G Aj such that y ~g y'. If {i} denotes the equivalence class 
containing i and Ajj} = IJje{j} ^i' ^^en Aq = -B{o} and 

y= ]J A|,} (4.50) 

is the supremum of the partitions Q and F = Ujej^^j; ^^at is it is the finest partition 
that has both Q and Y = Yij^j^j ^ refinement. Moreover, arguing as in the proofs 
of lemmas 14.11 and 14. 2[ it may be shown that 

where, for y' G A{j}, Mi = \{y E Ai : y ~g y'}\ (and this cardinality does not depend 
on the choice of y'). Therefore, {Ia^^j : {i} G J' / ~} span a left ideal in L{H\F / H) . In 
general, the equivalence relations ~ and ~ are different. For instance, in Example 14.41 we 
have ~ 2, 1 3 and 4 ?a 5 ~ 6. Clearly, the equivalence relations ~ and ~ coincide 
if and only if is in the center of L{H\F/H). In particular, they coincide in the case 
of a symmetric association scheme treated in [21 Hj. Another case where they coincide is 
given by Example 14. 3[ 

4.2 Crested products of finite groups 

In the present subsection, we introduce the notion of crested product of finite groups 
[21, H] . It is a generalization of both the notion of wreath product (see example 14. 3p and 
direct product. 

We continue to use all the notation in lemma (14.21) . Moreover, we assume that = 
{m G -F : uB = B for all B G Q}, which is a normal subgroup of F, is transitive on every 
5 G Q (in other words, we assume that Q is the orbit partition of its stabilizer A^). Let 
G be another group, acting transitively on a set X/K, with K stabilizer of Xq. Suppose 
that X = UjgjSj is the decomposition of X into iT-orbits, with G X and Sq = {xq}, 
and that X = Y[a€V ^ is a G-invariant partition of X. Let F'^^'^^ be the group formed 
by all functions f : X —>■ F that are constant on the whole X and A^'^ the group of all 
f : X —>■ N that are constant on each A ^ V. Then F"^^^^ and N''^ are subgroups of F^ , 
^diag n = A^diag g^^^ p^v jg normahzed by F'^''^^. Then F^^'^s ■ A^^ is a subgroup of F^ . 
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Identify {{f,g) eFlG : f{x) = Ip for all x e X} with G and {{f, g) E F I G : g = la} 
with F^. Then FiG = F^kG. 



Definition 4.6. The crested product of F by G is the subgroup (F s ■ N' ) \k G of FlG . 

The crested product (F'^'^'s ■ iV^) x G acts on X x F subgroup of FlG, via the 
composition action (Example 14.31) . The stabilizer of (xo,yo) is the subgroup 

R = {(/, k) e (F'i'"^ ■ iV^) X G : A; G ir, /(xq) G if}. 
As in (14.431) . suppose that Aq = {x E X : x ~-p Xq} and define Xq C X by requiring that 



1ao = Ei^-- 



(4.51) 



Now we can prove the analogous of (I4.47P for a crested product, generalizing Theorem 
10 in P]. See also Lemma 4.1 in |ilO] . 

Theorem 4.7. T/ie decomposition of X x Y into R-orbits is: 



X xY 



II (2. X A,) 



ieXo 



u 



II (2. xA^l) 



iex\Xo 
L[i]6J7/- 



(4.52) 



Proof. First of all, we prove that all the subsets in the decomposition (I4.52p are R- 
invariant. Note that any (/, k) E R may be written in the form (/, k) = (/i, 1g)(/2, k), 
with /a G ii^'^^ /i G A^^ and /i(xo) = If- Moreover, (/s, fc) (S^ x A^) = x A^ for all 
i El and j G JT". Then we have to prove that every subset in (14.521) is invariant under 
(/i,1g). 

If z G Xo,j E J,x E'Ei and y E Aj then x ~p Xq and therefore /i(x) = /i(a;o) = If- It 
follows that 



(/i,lG)(a;,?/) = (x,/i(x)y) = (x,?/), 
and therefore Sj x Aj is (/i, lG')-invariant. 

On the other hand, suppose that i E T\ Iq, [j] E J j r^, x E Ei and that y E Aj C Aijy 
Since /i(x) G < 5, if fi{x)y E A^ then k ~ j. Therefore fi{x)y E Ay] and 

(/i,lG)(a;,l/) = {xji{x)y) EEiX Ayj. 
We can conclude that x A[j] is invariant under (/i, 1^) too. 
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Now we prove that R is transitive on every subset in the right hand side of fl4.52p . Note 
that K is transitive on every Sj, and therefore we can hmit ourselves to consider pairs 
{xi, yi), {x2, 2/2) with xi = X2. 

Suppose that i E Xq,] E J and that (x, yi), (x, 1/2) € Sj x Aj. Taking (/, 1g) with 
/ e if'^'^s such that f{x)yi = y2 we get {fi,lG){x,yi) = {x,fi{x)yi) = (x,?/2), and 
therefore R is transitive on Sj x Aj. 

On the other hand, suppose that (x, yi), (x, ?/2) G SjX Ay], with i G X\Xo and [j] G JT"/ ~. 
Since S is transitive on Ay], there exists s E S such that y2 = syi. Since is transitive 
on Bq and syo G -Bq, there exists n E N such that nsyo = Vo, and therefore ras G H. Since 
i ^ To, we have x Xq and therefore we can take / = /i ■ /2 G A^^ ■ if*^'^^ such that 
/i(x) = and f2{x) = ns. It follows that 

(/, lG)(a;,l/i) = (x, /(x)?/i) = {x,n~^nsyi) = (x,?/2) 

and i? is transitive on x Ay] too. □ 

Example 4.8. Let Ux and be respectively the universal partition (the partition with 
a single part) and the equality partition (every part is a singleton) of the set X; similarly 
for Uy and Sy- If we take V = Ux and Q = £y, then the resulting crested product is 
isomorphic to the direct product F x G. Now the composition action coincides with the 
direct product of permutation representations and (14.521) becomes X xY = Yin jejC^i ^ 
Aj). On the other hand, if we take V = £x and Q = Uy, then the resulting crested 
product coincides with the whole wreath product F I G. In this case, we get the usual 
composition action and (14.521) becomes (I4.47P (translated from the Y x Y' setting to the 
X xY setting.) 

In particular. Example 14.81 shows that the crested product generalizes both the direct 
and the wreath product [1]. 

Example 4.9. This is a continuation of Example 14.31 We show how to obtain a crested 
product in the setting of iterated wreath products. We suppose that G, K, X, Xq,X and Sj 
are as above, but we do not assume that there exists an invariant partition on X. On the 
contrary, suppose that G' is another finite group, acting on X' = G'/K', K' the stabilizer 
of Xq and X' = UieX' '^i decomposition of X' into K' orbits, with Sq = {xg}. Then 
the wreath product G' I G acts on X x X' via the composition action and we have the 
invariant partition 

XxX'=Y[A,, (4.53) 

xex 

where = {(x, x') : x' G x} (Example 14.31 in the X x X' setting). The iterated wreath 
product F' I FlG'lG is isomorphic to the set of all (/', /, g', g) where f : X' x X xY ^ F' , 
f : X X X' ^ F , g' : X ^ G' and g E G, with the multiplication law 
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{f'J,9',9){f[Ju9[,9i) = (/'■ {f,9',9)f[J ■ {9',9)fi,9' ■ 99[,99i)- 



(compare with the labehng used in [2T]). Then we can take fl4.48p and (I4.53P as invariant 
partitions respectively onY xY' and on X x X'. Denote by V the partition (14.531) . Then 
the resulting crested product is [(F'^)^ ■ (F' I Fy^^^~\ x {G' I G). In other words, the 
resulting crested product is the subgroup of F' I F I G' I G formed by all (/', /, g', g) such 
that: g e G, g' : X ^ G' , f e F, f : X X Y ^ F' , that is / is constant and /' does not 
depend on x' G X'. The stabilizer of (a;o, x'q, yo.y'o) is the subgroup R of the crested product 
formed by all (/', /, g', k) such that k E K, g'{xo) G K', f E H and f'{xo, yo) G H'. Then 
Lemma HiH Theorem lO, (I4.47P and (14.491) yield the decomposition of X x X' x F x F' 
into i?-orbits: 



X X X' X r X y 



]J (So X X Ao X a;.) 



H (HoxS^xA, xY") 



i'ei' 



n 



n 

jex\{o} 



(Hi X X' X Aj X Y') 



4.3 The permutation representation of the composition action 

We need some general facts on the decomposition of permutation representations. Let 
G,X,K and X = Ujg^Hj be as in the preceding subsections. Suppose that L{X) = 
^^^qCLujVuj is the isotypic decomposition of L{X). Then the sum of the squares of the 
multiplicities is equal to the number of orbits of K on X, that is 



(4.54) 



This is called Wielandt's Lemma in [9l[T0l[TT]. See also [l6l [50] . 
Lemma 4.10. For any orthogonal decomposition of L[X) into G-invariant subspaces 



L(X) = 0c^f/^, 
7Gr 



(4.55) 



where every block c^U^ is the orthogonal sum of invariant G-isomorphic subspaces, 
we have 
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with equality if and only if f l4.55p is the isotypic decomposition. 
Proof. Starting from (14.551) . we can get the isotypic decomposition in two stages. 

1. First of all, we can decompose every into irreducible representations: = 
m^Wj © m'^W^ © ■ ■ ■ © m"W", and then replace with c^m^PV^ © c^m'^W!^ © 
■ ■ ■ © c^m"W". This way, we get a decomposition 

L{X) = ^bpWp (4.56) 

f3eB 

where each is irreducible. Clearly, ^^g5(&/3)^ > J2-yer('^-y)'^' with equality if and 
only if all the ?7^'s are irreducible. 

2. We can group together the isomorphic representations in (I4.56P : if Wjs, Wpi, . . . , W^n 
are all the representations isomorphic to Wp, we can replace hpWp © hpiWpi © ■ • • © 
hfi'iWp" with {hp + hpi + ■ ■ ■ + hi3ii)Wp. This way, we get a decomposition 

L(X) = 0a,\4 

aeA 

that must coincide with the isotypic one. Again, YliaeA^'^oi)'^ — '^peB^^p)'^ ^ with 
equality if and only if the representations W^s in (14.551) are pairwise inequivalent. 

By Wielandt's Lemma (14.541) . we have 

76r /3eB aeA 

with equality if and only if (I4.55P is the isotypic decomposition. □ 

In other words, the isotypic decomposition may be characterized, among those of the 
form (14.551) . as the decomposition that maximizes the quantity 'Yl-yevi^i)'^ ■ 

Now we return to use all the notation in the preceding subsections. Suppose that 
L{X) = a^K; and L{Y) = 0^^^ bsWs are the isotypic decompositions of L{X) 

and L{Y) into respectively G-irreducible and F-irreducible representations. Let T be 
the stabilizer of Aq in G. That is, T plays, in the X-setting, the same role of S in the 
y-setting. Then Aq = T/K and G/T = V. Suppose that L{Aq) = 0^grC^t/^ is the 
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decomposition of L{Aq) into irreducible T-representations. By transitivity of induction, 
we have 



We will need this simple consequence of the theory developed in subsection I2.4[ 

Lemma 4.11. For each A E V, choose an element Ia E G such that IaAq = A (and we 
always take Iao = ^g)- Then, for each copy of in c^U^, lnd^{U^) is the subspace of 
L{X) spanned by all functions IaQ, with Q G U^, A E V. Moreover, for every g E G we 
have qIaQ = IgAitG), where t = {lgA)~^g^A ^ T (and therefore tQ G U^J. 

Proof. Clearly, {I a '■ A G V} is a set of representatives for the left cosets of T in G, that 
is G = Yiaep^^T. Then, by definition of induced representation, Ind^(f/^) is spanned by 
the functions of the type IaQ- The rest of the lemma follows from the simple observation 
that qIaAq = gA = IgAAo, and therefore there exists t E T such that qIa = IgAt- 



In the F-setting, we identify L{Q) = L{F/S) with the space of all (p E L{Y) that are 
constant on each part of Q. Suppose that W, W are two irreducible F-representations 
contained in L{Y), with W C L{Q) and W orthogonal to L{Q). Then Res^{W) is iso- 
morphic the direct sum of dimly copies of the trivial representation of A^, while Res^(iy) 
must contain some nontrivial A^-representation (by hypothesis, Q is the orbit partition 
of A^). Then W and W are not equivalent. It follows that there exists a subset Aq C A 
such that: 



L{X) = Ind^L(Ao) = 0c^lnd^(t/^). 



(4.57) 



7er 



□ 



L{Q) = bsWs 



(4.58) 



<5eAo 



is the decomposition of L{Q) into irreducible F-representations. 

We also need to determine the orbits of 5* on Q. Suppose that B E Q and B fl Kyt] ^ 0. 
Then ii y E B and y' E BCl A[i] we can take n E N < S such that ny' = y {N is transitive 
on B), and therefore B C A[j] (because A^j] is an S-orbit). Setting 



(note that B[ii is a subset of Q), then 



2= II ^[1 



(4.59) 



li]ej/^ 



48 



is the decomposition of Q into S'-orbits. Note that we have used the fact that is 
transitive on each 5 G Q; in Example 14.41 is trivial and (14.591) does not hold. 

Now we are in position to get the decomposition of L{X x Y) into irreducible represen- 
tations of the crested product {N"^ ■ F*^'^^) k G. Compare with Theorem 4.2 in fTUI and 
Theorem F in [5j. 

Theorem 4.12. The following 



L{XxY)= a^65 (K. ® 

(4.60) 

0^0 c,bs[{lnd^U^)®Ws] ' 

is the decomposition of L{X x Y) into {N'^ ■ F'^^^^) x G -irreducible representations. 

Proof Suppose that G G L{X), G L{Y), {x,y) G XxF and (/i/s,^) G (iV^-F'i'^s) xG, 
with /2 G F = F^'^^s, /i G N^. Then 

[(/1/2, g)iG ® ^)] (x, y) ={g ® T) [ifj2, gr\x, y)] 

= {G(^^)i9-'x,[f,{x)f,]-'y) 
=g{9-'x)-J^mx)f2]-'y) ^ ■ ' 

={9G){x)-[f\{x)U2my)- 

The last expression in (I4.6ip is deceptive: in general, fi{x){f2J-') depends on x, and 
when this is the case, (14.611) is not a tensor product. But there are two special cases in 
which it is a tensor product, and we have to examine these cases in order to show that 
every subspace in the right hand side of (I4.60p is (A^'^ ■ F'^^^^) x G-invariant. 

If a; G fi, 5 G Ao, ^ G K; and e Ws then gG G and /i(x)(/2J^) = /aJ^ G Ws, 
because fi{x) G and A^ acts trivially on each Ws C L{Q). Then (I4.6ip yields 

(/1/2, g){g ® ^) = (90) ® (/2^) (4.62) 
and therefore Vu; ®Ws is {N'^ ■ F^^^^) x G-invariant. 



On the other hand, suppose that 7 G r, 5 G A \ Ao, /a^ e Ind^f/^ (cf. Lemma Km 
and that JF g Ws. If x ^ gA and t is as in Lemma [4.1H then \lgA{tQ)\{x) = 0, while if 
X G gA and m G -F is the constant value of /i on gA then (I4.6ip yields 



49 



{{M2.g)[{lAQ)®:F]}{x,y) = [lUmi^) ■ [fiix)f2J']{y) 

= {[lgAm]^[uf,J^]}{x,y). 



We can conclude that 

(/1/2, gWAG) ® ^] = [IgAitg)] ® G Ind^f/^ ® 1^5 (4.63) 

and this shows that Ind^U^ ® Ws is (iV^ ■ F'^'^'s) k G-invariant. 

It remains to show that the representations in (14.601) are irreducible, pairwise inequiva- 
lent and that their sum is L{X x Y). 

First of all, from 



L{X X Y) =L{X)®L{Y) 



0a.K. (g) \®hsWs 



e 



0c>d^f/^ (g) hsWs 



.7er 



,5gA\Ao 



we deduce that (14.601) is a decomposition into mutually orthogonal invariant subspaces 
(the invariance has been proved above). From (14.541) . it follows that 



5^(a.)2 = |J|, Y.^hsY = \J\, 5^(c,)2 = |Jo|, and (6,)^ = |J/ ^|. 

a;eo 5eA 7Gr 5eAo 

The third equality follows from the fact that the K-orbits on Aq = T / K are given by 
(I4.5ip . The fourth equality follows from (I4.58P and (14.591) . Then 



wG^iGAo 7er 5eA\Ao 

On the other hand, from Theorem 14. 71 it follows that the number of orbits of the stabilizer 
i? on X X y is equal to 

|Jo| • \j\ + |j\ Joi ■ \j/ ~| = |j| ■ \j/ ~| + +|Xol(|:^l - \J/ ~l). 

Then from Lemma [4. 101 we deduce that (I4.60p is the isotypic decomposition of L[X x Y) 
with respect to the action of the crested product. □ 
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Example 4.13. Now we apply Theorem 14. 121 to the case of a wreath product. We use the 
notations in Example I4.3[ Suppose that L(Y) = 0^^^ bsWs and L{Y') = ^seA' 
the isotypic decompositions into F and F'-irreducible representations. Suppose also that 
G A, A' and that Wq, Wq are the trivial representations. If we take the equality partition 
Sy on Y and the universal partition Uy' on Y', then the resulting crested product of F' by 
F is isomorphic to the ordinary wreath product F' I F (cf. Example 14. 8p . Moreover, now 
(for Y) and KMi (for Y') become respectively L{Y) = L{Y) and L{Uy') = W^o- 
Then (14.601) yields the isotypic decomposition of L{Y x Y') as a homogeneous F'^F-space: 



L{Y X Y') 



.<5eA 



e 



b't{L{Y)<8W;,) 

5eA'\{0} 



Example 4.14. In this example, we apply Theorem 14. 121 to the setting of Example! 
We also assume the notation and the results in Example 14.131 Moreover, we suppose that 
L{X) = a^Vuj and L{X') = 0^gQ/ al;V^ are the isotypic decompositions into G and 

G' representations and therefore (by Example I4.13p 



L{X X X') 



no 



e 



a'JL(X).S\C, 

ujen'\{o} 



is the isotypic decomposition of L{X x X') under the action of G' I G. Now we have 
= X' and if C L(y4^g) denotes the subspace isomorphic to C L{X'), then 
L{Axg) = 0^gj^/ ctLKj is the isotypic decomposition of L^A^^) under the action of G' I K. 
Then, for L{X x X') the decomposition (14.571) is: 



L{X X X') = Indg;;^L(A.J = a'Jnd%}S<K = ® K)- 

On the other hand, for L{Y x Y') the decomposition (I4.58P is equivalent to L(Y) = 
®s&A^s{Ws ® W^). Then the isotypic decomposition of L{X x X' x Y x Y') under the 
action of the crested product [{{FY ■ {F' I F)'^'^^)] x {G' I G) is given by: 



L{X xX' xY xY') 



aMVu. ® K)' wl,) 



e 



e 



QaML{X)<»V:<»W,<SWi) 

jen'\{o} 5eA 



a'ML{X)0V:0L{Y)®W^) 
uien' 5eA'\{o} 
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In the last part of this section, we give the formulas for the spherical matrix coefficients 
of the irreducible representations in Theorem I4.6UI (see subsection 12.21) . Suppose that 



• for each G fi, f^, ^2 , • • • , is an orthonormal basis for the A'-invariant vectors in 
Vui, and 4>ii^,i, = 1, 2, . . . , a^^ are the corresponding matrix coefficients: (p'^^i^gxo) = 

for any g eG; 

• for each 5 G A, wf,W2, ■ ■ ■ ,wl^ is an orthonormal basis for the if-invariant vec- 
tors in Ws, and = l,2,...,bs are the corresponding matrix coefficients: 

^ljj .j,{uyo) = {Wj,uwj,), for any u e F; 

• for each 7 G F, u{,ul, . . . ,ul^ is an orthonormal basis for the K-invariant vec- 
tors in fXy, and Olj^i, h,h' = 1,2, ... are the corresponding matrix coefficients: 
^h,h'{^^o) = {ul,tul,), for any t G T. 

Note that the 0^j;'s, the i'jj'^s and the O^^s are seen as functions defined respectively 
on X, Y and Aq. Moreover, in the notation of Lemma I4.1H we set ul = Iaq^I G Ind^Uj, 
that is ul is the copy of ul in the subspace IaqU-j of Ind^U^ = ^j^^-pIaU^- In other 
words, if we think of as a subspace of L{Ao), then ul = ul on Aq and = on 
X \ Aq. In the same spirit, we set Ol^i{x) = 6lj^,{x) if x G Aq, 01j^,{x) = if a; G X \ Aq, 

Theorem 4.15. 1. Foruj G Vt and 6 G Aq, the set v^^Wj, i = 1, . . . , a^, j = 1, . . . ,bs, 
is an orthonormal basis for the R-invariant vectors in the irreducible represen- 
tation K; ® Ws- Moreover, the corresponding spherical matrix coefficients are: 
(pi^ii{x)iljjj,{y) , as functions of {x,y) G X x F. 

2. For 7 G r and 5 G A \ Aq, the set ul ® Wj, h = 1, . . . ,c-y, j = 1, . . . ,bs, 
is an orthonormal basis for the R-invariant vectors in the irreducible representa- 
tion (Ind^U^) (S> Ws- Moreover, the corresponding spherical matrix coefficients are: 

Proof. 1. If (/1/2, k) G R, with /i G N'^ , /s G H*""^ and keK, then by (gSD we have 
(/1/2, k){Vi (g) = {kv^) (g) (/2W^) = vf ® Wj, that is (g) Wj is i?-invariant. The 
set of all vectors of this type form an orthonormal basis for the i?-invariant vectors 
in (g) Ws because their number is equal to the multiplicity of this representation 
in L{X X Y). Using again (14. 621) . we can compute the spherical matrix coefficients: 
if {x,y) = Uif2.g){xQ,yQ) = to,/ito)/22/o), with {fj^, 9) e {N^ ■ F^^-s) x G, 
then 

=cl>Ux)-i^l,{y). 
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2. Now for (/1/2, k) G R, mSi) yields (/1/2, k){ul ® w'^)) = {kuD ® (/s^J) = ® 
because A; G T, /i = 1^? on and is fC-invariant. Now suppose that (x, = 
ifif2,9)ixo,yo) = {gxoJi{gxo)f2yo) and = gUo = IgA^t with t eT. If ^Ap 7 ^ 
then IgAQtuli = 0, while if qAq = Aq then IgAo^ = ^- Therefore, again by fl4.63p . we 
have (r is the value of /i on gAo): 

= {ul,lgAotul,){w^j,rf2wl,) 

□ 

Remark 4.16. In [4J, section 9, Bailey and Cameron describe more general notion of 
crested product involving a set of invariant partitions. It should be interesting to extend 
their theory to our noncommutative setting. Moreover, in section 11 they also suggest, 
as an open problem, to develop a theory of generalized crested product along the lines of 
the theory of generalized wreath product of groups and association schemes [21 [S] . It is 
also an interesting open problem to develop such theory for spaces with multiphcity. Our 
Examples 14.91 and 14.141 also deserve to be generalized. The most intriguing aspect of the 
whole theory is the reciprocity between the decompositions 14.521 and 14.601 

5 Harmonic analysis of exponentiation and wreath 
product of permutations representations 

In this section, we want to obtain an explicit decomposition of the exponentiation action 
of a wreath product. This is motivated by the classical Hamming scheme. Actually, we 
analyze a more general notion, suggested by our recent work on finite lamplighter random 
walks. 

5.1 Representation theory of wreath products of finite groups 

Suppose that G and F are finite groups and that G acts transitively on a set X. In this 
subsection, we give a description of the irreducible representations of the wreath product 
F IG = yi G. YJe refer to [23 [23] for complete proofs. 

Every irreducible representation of the base group F-^ may be written as a tensor product 
in the form 
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where 



X ^ F 



is any map from X to F, the dual of F. In other words, if /o G F^ then 

i^x. I (/o,lG) = (R)a.(/o(a;)) 



and if <S) "^x & ^ K-^, with Vo-^ the space on which acts the representation ax, then 



lo-x 1 (/o, 1g) 



'Vx 1 = Q9o-x(/o(a;))t^x- 

^xgx / xex 



The group F I G acts on by the conjugation action: the (/, g) conjugate of is 
defined by setting 



(/o,1g) = (g)^. I [{f,9)-\foAG){f,9)]. 

\xeX / \x€X 



Then we have: 

{f,9) 



cr„. 



(5-64) 



9 X '^3' 9 ^ 



The ifKErtia group Ipici.o') of cr =( cr^ ) G F^ is the stabihzer of cr with respect to 
the conjugation action; fl5.64p ensures us that 

Ifig{(t) = F I Tcia) = x Tcia), 
where Tg(o-) = {5- G G : a,,^ ~ a^; Vx G X}. 

We give two general definitions. Suppose that if is a subgroup of G and that ^ is an if 
representation. An extension of 6* to G is a representation of G such that: Res^0 = 6. 
Clearly, if 9 is irreducible, 9 is irreducible too. On the other hand, if X is a normal 
subgroup of G and 77 is a representation of the quotient group G/N, then the inflation fj 
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of 1] to G is defined by setting r]{g) = r]{gN), for all g & G. In other words, we compose t] 
(which is a homomorphism of G/N into the unitary group of a Hermitian space) with the 
quotient homomorphism: G G/N. Clearly, r] is irreducible if and only if f] is irreducible. 



In our setting, each [ ^ (Jx ] ^ has an extension a to the whole Ipici'^)'- it is given 

\x&X 

by setting 



(^{f^g) ■■= 6d(^9-^x{f{x))vg-i^ = (55o-^(/(x))wg-i^, , (5.65) 




x£X x€X 



for all if,g) G F I T^a) and (g) t;. G (g) K.. 

x<^x xex 

Now let S be a system of representatives for the F I G— conjugacy classes of irreducible 
representations of F^ . For each a G E, denote by a its extension to Ifig{(^) as shown in 
(I5.65p . For each rj G ^^((t), denote by rj its inflation to Ipici'^) (using the homomorphism 
Ifig{(^) ~^ Tg{(j) = Ipici'^)/ F-^). That is, if U is the representation space of rj, then 



fj{f, g)u = r]{g)u V(/, g) G /f,g(^), « G U. (5.66) 

We are in position to enunciate the main theorem in the representation theory of wreath 
products [2ni|23j. 

Theorem 5.1. The dual ofFlG is given by: 



FIG = {Indf^,^(.) (5 ® rj) : (7 G S, G fcia)}, 

that is the above is the list of all irreducible representations of F I G, and for different 
values of a, rj we obtain inequivalent representations . 



5.2 Exponentiations and wreath products 

Let G, F, X be as in the preceding subsection and suppose also that G acts transitively 
on another set Z and that F acts transitively on Y. We form the wreath product F I G 
with respect to the action of G on X. The group F I G acts on via the exponentiation 
of the action of F on Y: if y9 G Y^, {f,g) G F I G then {f,g)f is defined by setting 
[{f, g)(f]{x) = f{x)(f{g~^x), for every x G X. It also acts on Z via the infation of the 
action of G on Z: if {f,g) G FlG and z & Z then (/, g)z = gz. Then we define the wreath 
product of the action of F on F by the actions of G on X and Z as the direct product of 
the exponentiation and the inflation: 



{f,g){'^,z) = {{f,g)^,gz) 
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for all (/,(?) G F I G and {(f, z) G x Z. Note that this action is transitive, simply 
because is transitive on and G is transitive on Z. The task of this section is to ob- 
tain an explicit decomposition of the permutation representation oi FlG on Y^ x Z. The 
study of this permutation representation is motivated by our work on finite lamplighter 
random walks ^41j (and for Z trivial, our results apply to the exponentiation action). 

We will denote by A the permutation representation of on L{Y-^) and by A its exten- 
sion to F iG (that is, the permutation representation associated to the exponentiation). 
In particular, ioi g & G, ip & L(Y^) and ip G Y^ , we have [X{1f, g)ip]{ip) = %l){g~^ip). If 
ii^ G L(Y) for all x G X, then ^ ipx ^ L(Y^) is defined by setting 



Moreover, ii ip E L{Y) and f E F, we set {fip){y) = ip{f ^y) for all y & Y, that is in 
this way we denote the permutation representation of F on y. 

The following lemma is similar to fl5.65p . but now g E G. We give the elementary proof 
for completeness. 

Lemma 5.2. // (g) t/'x' G L{Y^), with ip^ G L{Y) for all x E X, and {f,g) E FlG then 





Proof. For any (p E Y , 



we have: 




□ 
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Suppose that S is as in Theorem 15.11 Fix a cr G S and set / = Ig{<^)- We also 
suppose that each a^jX G X, appears in the decomposition of L{Y) into irreducible 

n 

F-representations. Clearly, there exist a partition X = ]J f2j of X and cri, (T2, . . . , ct„ 

i=l 

irreducible, pairwise inequivalent F-representations such that: ax = ctj for all x G Qi, 
i = l,...,n. Moreover, I = {g E G : gQi = = 1,2, ... ,n}. Let rrii be the 

multiplicity of cTj in the permutation representation of F on Y. If x G f2j and V^^ = Vi 
is the representation space of ax = ai, we fix an orthonormal basis Tx^i,Tx^2, ■ ■ ■ ,Tx,mi 
in RomFiVa^, L{Y)) (orthonormal with respect to the Hilbert-Schmidt scalar product); 
we suppose that, for every 1 < h < rrii, the operator Tx^h is the same for all x G fij. 
Denote by J the space of all functions j : X N such that j{x) G {1, 2, ... , rrii} for all 
X G fli, i = 1,2, ... ,n. The group / acts on J in a natural way: ii g & I and j G J, 
then gj is defined by setting: {gj){x) = j{g~^x) (recall that / stabilizes eve! ry For 

any j G J, set Tj = ^x.j(x)- Then the set {Tj : j E J} is an orthonormal basis for 

xex 



Ylouipx ( (g) K,,L(r^) ). Note also that 

XxdX J 



Tgxjigx) = Txj(gx) if 9^1 (5.67) 
because Tx^h. does not depend on a; G 



Lemma 5.3. For g E I and T G Hom^^x ( V^^, L{Y ) ), define a linear operator 

\xex 

Tc{g)T by setting 

7T{g)T = X{lF,g)Ta{lF,g-'). 

Then tt is a representation of I on Hom^x j (g Va-^,L{Y^ 

\xex 

Proof. We show that X{1f, g)Ta{lF, g)-^ G Hom^x ((g) K,,L(F^)) for every T G 

\xeX J 

Homp^x ( (g) V„^,L{Y^) ) and g e L Indeed, 
\xex ) 

\{\F.g)Ta{\F.9-^^ ?(/,1g) =\{lF.9)Ta{9'^f,lG)o{lF.g-^) 

=\{\F,g)\g-^f^G)Ta{\F,g~^) 
=A(/,1g) ^{\F.g)Ta{\F.g-^) 

It is clear that vr is a representation of /. □ 
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Lemma 5.4. For {f , g) & F 1 1 and j G J, we have: 



Proof. From Lemma 15.21 and (15.671) , it follows that 



^xex ' Vex 

x&X 

On the other hand, from (15.651) and the fact that Txj{x) ^ Homir(V^^, L{Y)), we get 



'9 



xex ' ^xex ' ^xex 

''g-'^x 



(gj){x)<^x{f{x))Vg-u 



x&X 

(® fix)Txj(^g-lx)Vg-lx. 

xex 

□ 



Corollary 5.5. The representation vr is equivalent to the permutation representation of 
I on J. 

Proof. As a particular case of Lemma l5.4l we get the identity 7T(a)Tj = X{lp, g)Tjd'{lF, g^^) 

Tgj. But {Tj : j E J} is an orthonormal basis for Hom^^x i ^ a^, L{Y^) J , and therefore 

\xex J 

the map 



L{J) — y Bompx (g) a^, L{Y^ 

\xeX 

6j I — > Tj 
is an isomorphism of /-representations. 

□ 

Theorem 5.6. Suppose that T G Hom/(f/, L(Z x J)). For 

V .= ®)Vxe®) V;, and u e U, 

x£X x£X 
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define T{y ®u)e L{Y^ x Z) by setting: 



T {v®u] 



Y,{ru){z,3).T, 
LieJ 



iV 



{^)^Y.^ru){z,3)-{T,v){^), (5.68) 

J6J 



for all ((^, z)eY^ yiZ. Then f e YLompu (^( K,) L{Y^ x Z)^ and the map 
Hom,([/,L(Z X J)) Hom^,j (^((g) K,) (g)[/,L(F^ X Z)j 



r 



T 



is a linear isometric isomorphism. 



Proof. First we show that T G Hom^;/ ^ K J (g) f/, ^(^"^ x ^) ) • ^Hf,9) FU 
then 



^ [(?(/, ^7) ® ^(/, ^?)) ® «)] (<^, 2:) = f (7)1; ® r]ig)u] (if, z) (by ^M) 



Y,[{Tv{9)u){z.3)] ■ T,aif,g)v \ (^) (by (^] 



J2[nu){9-'z,g-'j)].T, 

(because T G Hom/(f/, L(Z x J) and X{f, g)Tg-ij = Tja{f,g) by Lemma 

^[Fiu){g'h,j)] ■ TjV \ {{f,g)'^Lp) (replacing g'^j by j) 
. jeJ ) 

f{v®u) \ {{f,g)-'v,{f,g)-'z) (again by dESHD). 



This proves that T commutes with F 1 1. 



Now we define the inverse correspondence T — > T. Suppose that 



V^\(^U,LiY''xZ) 



59 



For all fixed u G U and z G Z, define a map 

: (8) ^ ^1^' 



by setting 



[rlv\{^) = {T[v®u]}{^,z) (5.69) 

for all (g) t;^ G (g) and ^ E . Then r„«^ e Hom^x ( (g) K.,L(F^) j. Indeed, if 
/ G F"^ then fj{f, 1g)u = u and therefore 

K.3^(/, Ig)^;] (^) ={T [(?(/, Ig).;) ® n] z) 

= {T{a{f, 1g)) ® vif, b ® m]} (<^, z) 
= {T[v^u]}{{f, 1g)"V,^) 

= K.^] ((/,1g)-V). 

It follows that there exists au,z G L{J) such that 

rl = J2^uAm- (5.70) 

Thus we can define a linear map T : U ^ L{Z x J) by setting, ioi u E U and j G ZxJ, 

[fu]{z,j) = au,zij), (5-71) 

where a^i^^ is given by fl5.70p . In other words, from (15.691) . (I5.70p and (15.711) it follows 
that 

{T [v u]} (^, z) = |g[Tw](^, j) ■ T,t;| {^). (5.72) 
Now we prove that T G Hom/(f/, L(y"^, J)): for any g E I we have 
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Y,[{'^v{9)u){z,j)]-T,v \ {^) = {T [a{lF,g)a{lF,g-^)v®Ti{g)u]]{^, 
. jeJ J 

= {T [ailp, g-')v ® u] } {{Ip, g'')^, (If, 9)-'z) 



^[^u]{g-^z,j) ■ TgjV \ (v?) (by LemmaEH) 
. ieJ J 



and therefore T commutes with J. From fl5.68p and (15.721) . it is also clear that T = T 
and that T = T. 

Finally, we prove that T i— > T is an isometry. Suppose that by Bi (resp. B2) is an 
orthonormal basis in <S>x&x^o-^ (resp. U). If 7^,7^ G Hom/([/, L(J x Z)), then 



veBi U&B2 {Lp,z)eY^xZ 



EE 

v,u {ip,z) 



^ {Tiu){z,j) ■ {T2u){z,i){Tj,Ti)Hs 

u,j,i,z 

Y,iX,u){z,3)-{T2u){z,3) 



Y,(T2u){z,t)-{T,v){^) 



HS- 



□ 



Remark 5.7. Using the same techniques in the proof of Theorem 15.61 one can prove that 
the map T'^ : u ® 6z ^ T^^ belongs to Hom/(f/ ® L{Z), L{J)) and that 

Hom^;, (^((g) (g)f/,L(r^ X Z)^ Romi{U®L{Z),L{J)) 
is a linear isomorphism. Recall also Corollary 15. 5[ 
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Frobenius reciprocity, as stated in Proposition 12.171 yields an explicit isometric isomor- 
phism 



}iomFu([<S>y<r.)<S>U,L{Y''xZ)] ^ Hom,.,G(lndj;f[((8)K.)(8)t/],L(r^x 



T 



o 

T 



Then by combining Theorem 15.61 and the isomorphism T i-^T, we get the main result 
of this section. 

Theorem 5.8. The map 



FlG 

o 

f 



FlG 
FlI 



(<S>V^^lS)U],LiY''xZ)) 



Hom/(?7,L(Z X J)) — > Homp^f? ( Ind 

r ^ 

is a linear isometric isomorphism. 

The following Corollary is an immediate consequence. 

Corollary 5.9. The multiplicity of the irreducible representation Indp^f (a i^r]) in the de- 
composition of L(Y^ X Z) into irreducible FlG -representations is equal to the multiplicity 
of rj in the decomposition of L{J x Z) into irreducible I -representations. 

Remark 5.10. li Y = F and Z = G, both with the left regular representation, then 
Theorem 15.81 leads to a decomposition of the left regular representation of F I G and 
therefore Corollary 15 .91 yields a formula for the dimension of the irreducible representation 
Ind^|^(a (S) rj): such a dimension is equal to the multiplicity of rj into the decomposition 
of L( J X G) into irreducible /-representations. We want to show that this fact agree with 
usual formula for the dimension of an induced representation. The action of / on J x G 
has K r ■py orbits, and each orbit is equivalent to the left action of / on itself: the stabilizer 
of any point (j, g) E J x G is the trivial subgroup. Then the above computed multiplicity 
is equal to dim r]-\J\- But the dimension of a is just \ J\ (recall that J is obtained by 
decomposing the left regular representation of F^). Then the formula for the dimension 
of an induced representation tells us that in fact dim lndp\^ (a ^r]) = dim rj- dim ct' 



5.3 The case G = C2 and Z trivial 

As an example, in this section we examine the case G = C2 = X and Z trivial. We 
set C2 = {1,-1} and U = the representation space of the nontrivial (the alternating) 
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representation of C2. Suppose that L(Y) = m^V^ is the isotypic decomposition of 

L(Y) into irreducible F-representations. More precisely, we suppose that T[, T2 , . . . , T^^ 
is an orthonormal basis for Hom^(V^, Then 

L{Y X r) = m,m,,{y^ ^ v;,) = (r^^y. © T'^'V.') (5.73) 

a,a'eR a,CT'eR j = l j' = l 

is a decomposition into irreducible F x F-representations. We want to show how to 
obtain a decomposition into irreducible F I C2-representations. 

When cr 7^ a', the inaertia group of ® V^r is trivial. Moreover, just from the definition 
of induced representation (or from Proposition fl2.17p ) it follows that 

ind^f^ (v; ® K') = (Va ® v;o © {v^' © K). 

The multiplicity of this irreducible F ^ C2-representation into L(Y x Y) is clearly mcnicri- 
With more cumbersome but more precise notation, we can define 

which are mutually orthogonal subspaces of L{Y x Y) isomorphic to ® Va'. 

When a = a', the inaertia group of ^ V^' is F I C2. Then there is no induction and 
we only need to apply Theorem 15.61 We have J = {{i, j) : 1 < i,j < rricr} and the orbits 
of C2 on J are {(i, j), (j, i)}, 1 < i j < and = l,...,m„. This means 

that L(J) contains "^'^(™'^+^) times the trivial representation of C2 and times the 

nontrivial representation U. For i, j = 1, 2, . . . , we can define the subspaces 

C;+ = ((^''^'1 © + (T/^;i ® T^"V2) : i;2 G K> 

that corresponds to the choice 1]= the trivial representation in fl5.68p : that is each W^'\. 
is isomorphic to K- ® K- as a F ? C2 representation. Analogously, for i j we can define 

= ( (T^'^t;! ® T;fv2) - [TJvr ® T^^) : ^1, ^^2 e 

that corresponds to the choice r]= the nontrivial representation in (15.681) : that is each 
VF^'i is isomorphic to (K- © Va) ®U as a. F IC2 representation. Then the decomposition 
of L{Y X Y) into irreducible F I C2-representations is precisely: 
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L(Y X Y) 



e e 



/J 



In more simple terms, every representation {V^ ® V^i) © (V^/ ® o" 7^ cr', appears with 
multiplicity rriama' , every representation K- K- appears with multiplicity and 
every representation (V^ 14) t/ appears with multiplicity "^'^('"'^~^) _ 



5.4 The case in which L{Y) is multipHcity free 

In this subsection, we examine the particular case in which L{Y) decomposes without 

n 

multiphcity. Suppose that L(Y) = \4 is the decomposition of L(Y) into inequivalent 

h=0 

irreducible representations. We identify each Vh with a subspace of L(Y); if v E Vh then 
f is a function defined on Y and v{y) is the value of v on y E Y. Moreover, we denote 
by cT/i the representation of F on Vh', this means that for any / G -F we have a unitary 
operator cr/,(/) : 14 ^ 14 such that f (/"Vo) = [o-h{f)v]{fo) for all v e 14, /o e F. 

Let if be the set of all functions h : X ^ {0, 1, . . . , n\. \i ^ Vx E L{Y-^) and G 14(x) 

x<^X 

for all a; G X, with h E H, we say that is a vector of type h. Set I4 = ^xex ^Hx)- 

x&X 

Then I4 is the set of all vectors of type h and 

is the decomposition of L{Y^) into irreducible F^-representations. If u G L{Z) and 
g E G then we denote by its (7-translate, that is {gu){z) = u{g^^z) for all z E Z. 
The following Lemma is a variation of Lemma 15.21 but it is more specific to the present 
situation. 

Lemma 5.11. // {f,g)EFlG,hEH, (g) t"^ G 14 and u E L{Z) then 

xex 

(^Wh(g'^x)ifix))Vg-ix] >(^gU. 
x£X J 

Proof. If {ip, z) eY^ X Z then 



if, 9) 

















\xex / 
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if, 9) 



u 



\xex 



.xex 



iif,g)-'^,g-h) = 

n Mfiaxy^^igx)] > ■ igu){z) = 

rex J 



□ 



As in subsection 15. 2[ fix a o" G S. Now it means that we have fixed a.ia h E H. Moreover, 
now / = /g(c") is just the stabihzer of h {G acts on H in the obvious way). Suppose that 
Tj is an irreducible /-representation contained in the permutation representation on Z 
and that f/i © f/2 © ■ ■ ■ © is an orthogonal decomposition of the //-isotypic component 
in L{Z). We think of each Ui as a subspace of L{Z). Suppose that 5* is a system of 
representatives for the right cosets of I in G. 

Theorem 5.12. For i = 1,2, . . . ,m, set 



Then each Wi is F iG-invariant, irreducible and equivalent to Ind^|^(cT © r^) . Moreover, 



Wi(BW2 



IS an 



orthogonal decomposition of the lndp\^ {a ® t]) -isotypic component of L(Y^ x Z). 



Proof. Now J is trivial and (I5.68p becomes T{v © m) = f © Tu. Therefore Theorem 15.61 
just tells us that 



e 



h(x) 



x€X 



is an orthogonal decomposition of the a © //-isotypic component in L{Y^ x Z). Note 
that {(If, s) : s G 5*} is a system of representatives for the right cosets of F 1 1 in F iG. 
Then an application of Proposition 12.171 by mean of the identity in Lemma 15.111 ends the 
proof: it suffices to notice that if s G 5, ^ Vx E Vh and u & Ui then 



xex 
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is an element of Vsh ® sL^j. 

□ 

Corollary 5.13. The multiplicity o/Ind^|^j (a ^fj) in L(Y^ x Z) is equal to the multi- 
plicity of 7] in L{Z). 

Remark 5.14. The representation theoretic results in [H [30l HI], |42] (and the exponen- 
tiation of a finite Gelfand pair is studied in p!0]) are all particular cases of this example. 
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